
B−1



A



y = f(x, θ)



θ = [θ1, · · · , θN ]T



D = {(xn, yn), n = 1, · · · , N}



θ



D



J(θ) =

N∑
n=1

[yn − f((xn, θ))]
2



J(θ) = L(θ|D) ∝ p(D|θ) =

N∏
n=1

p(yn|xn, θ)



θ∗



y = f(x) = f(x1, · · · , xN )



RN



{x1, · · · , xN}



x∗ = [x2
1, · · · , x∗N ]T



f(x)



−f(x)



x∗ =x f(x), f(x∗) = min
x
f(x)



x



gf (x)



gf (x) = 5xf(x) =
df(x)

dx
=

∂f/∂x1

∂f/∂xN

 = 0



x∗



f(x)



xn+1 = xn − J−1
f (xn) f(xn)



gf (x) = 0



Jg(x) = Hf (x)



xn+1 = xn − J−1
g (xn) gf (xn) = xn −H−1

f (xn) gf (xn)



gf



Jg = Hf



f(x) = [f1(x), · · · , fN (x)]T = 0



J(x) =
1

2
fT (x)f(x) =

1

2
||f(x)||2 =

1

2

N∑
i=1

|fi(x)|2



J(x)



gJ(x) = 5xJ(x) =
d

dx

[
1

2
fT (x)f(x)

]
= f ′(x) f(x) = Jf (x) f(x) = 0



Jf (x) = f ′(x)



f(x) = 0



f(x)



x0



f(x)



=



f(x0) + f ′(x0)(x− x0) +
1

2
f ′′(x0)(x− x0)2 + · · ·+ 1

n!
f (n)(x0)(x− x0)n + · · ·



≈



f(x0) + f ′(x0)(x− x0) +
1

2
f ′′(x0)(x− x0)2 = q(x)



f ′(x)



f ′′(x)



q(x)



f(x) = q(x)



q′(x)



d

dx
q(x) =

d

dx

[
f(x0) + f ′(x0)(x− x0) +

1

2
f ′′(x0)(x− x0)2

]



f ′(x0) + f ′′(x0)(x− x0) = 0



x∗ = x = x0 −
f ′(x0)

f ′′(x0)
= x0 + ∆x0



∆x0 = −f ′(x0)/f ′′(x0)



x∗



f(x∗)



f ′′(x∗) > 0



f ′′(x∗) < 0



f(x) 6= q(x)



xn+1 = xn + ∆xn = xn −
f ′(xn)

f ′′(xn)
, n = 0, 1, 2, · · ·



∆xn = −f ′(xn)/f ′′(xn)



xn



q(xn)



xn+1



q(xn+1)



n→∞



xn+1 = xn − f ′(xn)/f ′′(xn)



f ′(x) = 0



f(x) = f(x1, · · · , xN )



q(x)



x0



f(x) ≈ f(x0) + gT0 (x− x0) +
1

2
(x− x0)TH0 (x− x0) = q(x)



g0



H0



g0



gf (x0) =
d

dx
f(x0) =


∂f(x0)
∂x1

∂f(x0)
∂xN

 ,



H0



Hf (x0) =
d

dx
g(x0) =

d2

dx2
f(x0) =


∂2f(x0)
∂x2

1
· · · ∂

2f(x0)
∂x1∂xN

∂2f(x0)
∂xN∂x1

· · · ∂
2f(x0)
∂x2

N





f(x) = q(x)



d

dx
q(x)



d

dx

[
f(x0) + gT0 (x− x0) +

1

2
(x− x0)TH0 (x− x0)

]



g0 +H0 (x− x0) = 0



x∗ = x = x0 −H(x0)−1g(x0)



f ′′(x∗)



f(x∗)



H∗ = H∗ = Hf (x)|x=x∗



H∗ > 0



H∗ < 0



f(x



H∗



f(x) 6= q(x)



xn+1 = xn + ∆xn = xn −H−1
n gn = xn + dn, n = 0, 1, 2, · · ·



gn = g(xn)



Hn = H(xn)



dn = ∆xn = −H−1
n gn



gn = f ′(xn)



Hn = f ′′(xn)



xn+1 = xn −H−1
n gn



f ′(x) = gf (x) = 0



O(N3)



H−1
n



M



N < M



ε(x) =
1

2
||f(x)||2 =

1

2

M∑
m=1

f2
m(x)



gε(x) =
d

dx
ε(x) =

1

2

d

dx
||f(x)||2 =

df

dx
f = JTf f



gi =
∂

∂xi

(
1

2
||f ||2

)
=

1

2

M∑
m=1

∂

∂xi
f2
m =

M∑
m=1

∂fm
∂xi

fm =

M∑
m=1

Jmi fm



Jmi = ∂fm/∂xi



Jf (x)



Hε



Hij



∂2

∂xi∂xj

(
1

2
||f ||2

)
=

∂

∂xj
gi =

M∑
m=1

∂

∂xj

[
fm

∂fm
∂xi

]



M∑
m=1

[
∂fm
∂xi

∂fm
∂xj

+ fm
∂2fm
∂xi∂xj

]



M∑
m=1

∂fm
∂xi

∂fm
∂xj

=

M∑
m=1

JmiJmj



Jij



Jf



fm (∂2fm/∂xi∂xj)



Hε(x) =
d2

dx2
ε(x) =

d

dx
gε(x) ≈ JTf Jf



ε(x)



xn+1 = xn −H−1
n gn ≈ xn − (JTn Jn)−1JTn fn



q(x, y) =
1

2
[x1, x2]

[
a b/2
b/2 c

] [x1x2

]
=

1

2
(ax2

1 + bx1x2 + cx2
2)



g =

[
ax1 + bx2/2
bx1/2 + cx2

]
, H =

[
a b/2
b/2 c

]
, detH = ac− b2/4



a = 1



c = 2



b



b = −2



λ1 = 2.618



λ2 = 0.382



detH = λ1λ2 = 1



H > 0



f(0, 0) = 0



b = 0



λ1 = 2



λ2 = 1



detH = λ1λ2 = 2



b = 2



b = 4



λ1 = 3.562



λ2 = −0.562



detH = λ1λ2 = −2



H



δ > 1



δ



δ < 1



xn



gn



xn+1



N = 3



{
f1(x1, x2, x3) = 3x1 − (x2x3)2 − 3/2
f2(x1, x2, x3) = 4x2

1 − 625x2
2 + 2x2 − 1

f3(x1, x2, x3) = exp(−x1x2) + 20x3 + 9



(x1 = 0.5, x2 = 0, x3 = −0.5)



J(x) = fT (x)f(x)



x0 = 0



n x = [x1, x2, x3] ||f(x)||
0 0.000000, 0.000000, 0.000000 1.016120e+ 01
1 0.500000, 0.500000, −0.5000001.552502e+ 02
2 0.499550, 0.250800, −0.4938013.881300e+ 01
3 0.500096, 0.126206, −0.4968529.702208e+ 00
4 0.500025, 0.063914, −0.4984052.425198e+ 00
5 0.500010, 0.032778, −0.4991816.059054e− 01
6 0.500005, 0.017231, −0.4995701.510777e− 01
7 0.500003, 0.009498, −0.4997633.737330e− 02
8 0.500002, 0.005712, −0.4998578.959365e− 03
9 0.500001, 0.003968, −0.4999011.900145e− 03
100.500001, 0.003326, −0.4999172.577603e− 04
110.500001, 0.003206, −0.4999208.932714e− 06
120.500001, 0.003202, −0.4999201.238536e− 08
130.500001, 0.003202, −0.4999202.371437e− 14



J(x) = ||f(x∗)||2 ≈ 10−28



x∗ =

[
0.5000008539707297
0.0032017070323056−0.4999200212218281

]



Hf (x)



Hf



H−1
f



x



x = x0 − δf ′(x0) = x0 + ∆x0, ∆x0 = −δf ′(x0), δ > 0



f ′(x0)



f(x) ≈ f(x0) + f ′(x0)∆x0 = f(x0)− |f ′(x0)|2δ < f(x0)



xn+1 = xn − δn f ′(xn), n = 0, 1, 2, · · ·



f ′(x∗) = 0



g(x) = df(x)/dx



x = x0 + ∆x



∆x = −δg (δ > 0)



f(x) ≈ f(x0) + gT0 ∆x = f(x0)− δgT0 g0 = f(x0)− δ||g||2 < f(x0)



xn+1 = xn − δn gn = (xn−1 − δn−1 gn−1)− δn gn = · · · = x0 −
n∑
i=0

δn gi



g(x∗) = 0



dn = −H−1
n gn



Hn



dn = −gn



g



f(x) = xTAx = [x1 x2]
[a11a12a21a22

] [x1x2

]



A =
[
21
11
]



a12 = a21



A ≥ 0



f(x1, x2) =
1

2
[x1 x2]

[
21
11
] [x1x2

]
=

1

2
(2x2

1 + 2x1x2 + x2
2)



f(x1, x2) = 0



x1 = x2 = 0



x0 = [1, 2]T



g0 = [4, 3]T



d



g =
[
2x1 + x2
x1 + x2

]
, H = A =

[
21
11
]
, H−1 =

[
1−1
−1 2

]



d0 = −H−1g0 = −[1, 2]T



x1 = x0 −H−1g0 =
[
1
2
]
−
[

1−1
−1 2

] [
4
3
]

=
[
0
0
]



d0 = −g0 = −[4, 3]T



x1 = x0 − δg0 =
[
1
2
]
− δ

[
4
3
]

=
[
1− δ4
2− δ3

]



x1



xn+1 = xn + δndn



dn



f(xn)



π/2



cos−1

(
dTngn

||dn|| ||gn||

)
>
π

2
i.e., dTngn < 0



dn = −H−1
n gn



dTngn = −gTnH−1
n gn < 0, dTngn = −gTn gn = −||gn||2 < 0



δn



f(xn+1) = f(xn + δndn)



d

dδn
f(xn+1) =

d

dδn
f(xn + δndn) =

(
d f(xn+1)

dx

)T
d(xn + δndn)

dδn
= gTn+1dn = 0



gn+1 = f ′(xn+1)



xn+1 = xn + δdn



gn+1



f(xn+1) = f(xn + δdn)



δ = 0



f(δ)



f(xn+1) = f(xn + δdn)



[f(xn + δdn)]δ=0 + δ

[
d

dδ
f(xn + δdn)

]
δ=0

+
δ2

2

[
d2

dδ2
f(xn + δdn)

]
δ=0



[f(xn + δdn)]δ=0



f(xn)



[
d

dδ
f(xn + δdn)

]
δ=0



[
g(xn + δdn)T dn

]
δ=0

= gTn dn



[
d2

dδ2
f(xn + δdn)

]
δ=0



[
d

dδ
g(xn + δdn)T

]
δ=0

d

dδ
(xn + δdn)



[
d

dx
g(x)

d

dδ
(xn + δdn)

]T
δ=0

dn



(Hndn)T dn = dTnHndn



Hn = HT
n



f(xn + δdn) ≈ f(xn) + δ gTn dn +
δ2

2
dTnHn dn



f(xn + δdn)



d

dδ
f(xn + δdn)



d

dδ

(
f(xn) + δgTn dn +

δ2

2
dTnHn dn

)



gTn dn + δ dTnHn dn = 0



δn = − gTn dn
dTnHndn



δn = − gTn dn
dTnHndn

=
gTn (H−1

n gn)

(H−1
n gn)THn(H−1

n gn)
=

gTn (H−1
n gn)

(H−1
n gn)T gn

= 1



xn+1 = xn + δndn = xn − δnH−1
n gn = xn −H−1

n gn



gTn+1dn = −gTn+1gn = 0, gn+1 ⊥ gn



dn+1 = −gn+1



δn = − gTn dn
dTnHndn

=
gTn gn

gTnHngn
=
||gn||2

gTnHngn



O(N2)



f ′′(δ)
∣∣
δ=0



δ = σ



σ



[
d2

dδ2
f(x+ δd)

]
δ=0



[
d

dδ
f ′(x+ δd)

]
δ=0

= lim
σ→0

f ′(x+ σd)− f ′(x)

σ



gT (x+ σd) d− gT (x) d

σ
=
gTσ d− gT d

σ



g = g(x)



gσ = g(x+ σd)



dTnHndn



d

dδ
f(xn + δdn) ≈ gTn dn +

δ

σ

(
gTσndn − gTn dn

)
= 0



δn = − σ gTn dn
gTσndn − gTn dn

= − σ gTn dn
(gσn − gn)T dn



δn = − σ gTn dn
(gσn − gn)T dn

= − σ gTn gn
(gσn − gn)T gn

=
σ ||gn||2

||gn||2 − gTσngn



xn+1 = xn − δngn = xn +
σ ||gn||2

gTσngn − ||gn||2
gn



σ = 10−6



n x = [x1, x2, x3] ||f(x)||
0 0.0000, 0.0000, 0.0000 1.032500e+ 02
10 0.4246, −0.0073, −0.50021.535939e− 01
20 0.5015, 0.0064, −0.4998 2.448241e− 05
30 0.5009, 0.0057, −0.4998 9.178209e− 06
40 0.5006, 0.0052, −0.4998 4.17587e− 06
50 0.5004, 0.0049, −0.4999 2.122594e− 06
60 0.5003, 0.0047, −0.4999 1.182466e− 06
100 0.5001, 0.0043, −0.4999 1.805871e− 07
150 0.5000, 0.0041, −0.4999 2.720744e− 08
200 0.5000, 0.0041, −0.4999 4.934027e− 09
250 0.5000, 0.0040, −0.4999 9.630085e− 10
300 0.5000, 0.0040, −0.4999 1.939747e− 10
350 0.5000, 0.0040, −0.4999 3.961646e− 11
400 0.5000, 0.0040, −0.4999 8.140393e− 12
450 0.5000, 0.0040, −0.4999 1.677968e− 12
500 0.5000, 0.0040, −0.4999 3.462695e− 13
550 0.5000, 0.0040, −0.4999 7.136628e− 14
600 0.5000, 0.0040, −0.4999 1.474205e− 14



J(x) = ||f(x∗)||2 ≈ 10−14



J(x) ≈ 10−28



x∗ =

[
0.5000013623816102
0.0040027495837189−0.4999000311539049

]



f(xn+1) = f(xn + δdn) ≤ f(xn) + c1 δd
T gn



gTn+1dn ≥ c2 gTn dn



gTn dn < 0



|gTn+1dn| < |c2 gTn dn|



c1



c2



0 < c1 < c2 < 1



φ(δ) = f(xn + δdn)



L0(δ) = a+ bδ



a



a = L0(0) = φ(δ)
∣∣
δ=0

= f(xn)



b =
d

dδ
f(xn + δdn)

∣∣∣∣
δ=0

= gTn dn < 0



f(xn + δdn) < f(xn)



L0(δ) = a+ bδ = f(xn) + gTn dnδ



L1(δ) = f(xn)



L0(δ)



L1(δ)



L(δ) = f(xn) + c1 g
T
n dnδ



0 < c1 < 1



0 < c1g
T
n dn < gTn dn



δ > 0



f(xn+1) = f(xn + δdn) ≤ f(xn) + c1 g
T
n dnδ < f(xn)



gn+1 ⊥ gn



−gn



f(δn) = f(xn − δngn)



f(δn)



gTn+1gn = 0



xn+1 = xn − δngn + αn(xn − xn−1)



αm



f(x1, x2) = (a− x1)2 + b(x2 − x2
1)2 a = 1, b = 100



f(1, 1) = 0



(1, 1)



xn+1 = xn − J(xn)−1f(xn) = xn − J−1
n fn



Jn = J(xn)



f(xn)



xn+1 = xn −H(xn)−1g(xn) = xn −H−1
n gn



J(x)



H(x)



f(x) = f(xn+1) + (x− xn+1)T gn+1 +
1

2
(x− xn+1)THn+1(x− xn+1) +O(||x− xn+1||3)



d

dx
f(x) = g(x) = gn+1 +Hn+1(x− xn+1) +O(||x− xn+1||2)



x = xn



g(xn) = gn



gn+1 − gn



Hn+1(xn+1 − xn) +O(||xn+1 − xn||2)



Bn+1(xn+1 − xn)



Bn



sn = xn+1 − xn, yn = gn+1 − gn



Bn+1sn = yn, B−1
n+1yn = sn



B−1
n



B0



n = 0



dn = −B−1
n gn



Bn+1 = Bn + ∆Bn



B−1
n+1 = B−1

n + ∆B−1
n



n = n+ 1



Bn = I



Bn = Hn



yn



sm



Bn+1 = Bn + uuT



u



uuT



Bn+1sn = Bnsn + uuT sn = yn, u(uT sn) = yn −Bnsn



w = yn −Bnsn



u = cw



uuT sn = c2wwT sn = w



c = 1/(wT sn)1/2



u = cw =
yn −Bnsn
(wT sn)1/2

=
yn −Bnsn

((yn −Bnsn)T sn)1/2



Bn+1 = Bn + uuT = Bn +
(yn −Bnsn)(yn −Bnsn)T

(yn −Bnsn)T sn



Bn+1



B−1
n+1



(
Bn + uuT

)−1
= B−1

n −
B−1
n uuTB−1

n

1 + uTB−1
n u



B−1
n +

(sn −B−1
n yn)(sn −B−1

n yn)T

(sn −B−1
n yn)T yn



B−1
n+1



B−1
n+1 = B−1

n + uuT



B−1
n+1yn = B−1

n yn + uuT yn = sn,



wT yn = (sn −B−1
n yn)T yn = sTnyn − yTnB−1

n yn > 0



Bn+1 = Bn + αuuT + βvvT



Bn+1sn = (Bn + αuuT + βvvT )sn = Bnsn + u(αuT sn) + v(βvT sn) = yn



u(αuT sn) + v(βvT sn) = yn −Bnsn



u = yn, α =
1

sTnyn
, v = Bnsn, β = − 1

vT sn
= − 1

sTnBnsn



Bn+1 = Bn + αuuT + βvvT



Bn+1 = Bn + αuuT + βvvT = Bn +
yny

T
n

yTn sn
− Bnsns

T
nBn

sTnBnsn



U = [u1 u2]



V = [v1 v2]



u1 = v1 =
yn

(sTnyn)1/2
, u2 = −v2 =

Bnsn
(sTnBnsn)1/2



Bn+1 = Bn + u1v
T
1 + u2v

T
2 = (Bn + UV T )−1



(Bn + UV T )−1 = B−1
n −B−1

n U(I + V TB−1
n U)−1V TB−1

n



B−1
n −B−1

n UC−1V TB−1
n



B−1
n −B−1

n [u1 u2]C−1(B−1
n [v1 v2])T



C =
[c11c12c21c22

]
= I + V TB−1

n U = I + [v1 v2]TB−1
n [u1 u2]



c11 = 1 + vT1 B
−1
n u1 = 1 +

yTnB
−1
n yn

sTnyn



c22 = 1 + v2B
−1
n u2 = 1− sTnBnB

−1
n Bnsn

sTnBnsn
= 0



c12 = vT1 B
−1
n u2 =

yTnB
−1
n Bnsn

(sTnyn)1/2(sTnBnsn)1/2
=

(sTnyn)1/2

(sTnBnsn)1/2



c21 = vT2 B
−1
n u1 = −c12



C =
[
c11 c12−c12 0

]
, C−1 =

[
0 −1/c12

1/c12c11/c
2
12

]



C−1



B−1
n − [B−1

n u1 B
−1
n u2]

[
0 −1/c12

1/c12c11/c
2
12

]
[B−1
n v1 B

−1
n v2]T



B−1
n −

1

c12
[B−1
n u2v

T
1 B
−1
n −B−1

n u1v
T
2 B
−1
n ]− c11

c212

B−1
n u2v

T
2 B
−1
n



1

c12
B−1
n u2v

T
1 B
−1
n =

(sTnBnsn)1/2

(sTnyn)1/2
B−1
n

Bnsn
(sTnBnsn)1/2

yTn
(sTnyn)1/2

B−1
n =

sny
T
nB
−1
n

sTnyn



− 1

c12
B−1
n u1v

T
2 B
−1
n =

(sTnBnsn)1/2

(sTnyn)1/2
B−1
n

yn
(sTnyn)1/2

sTnBn
(sTnBnsn)1/2

B−1
n =

B−1
n yns

T
n

sTnyn



c11

c212

B−1
n u2v

T
2 B
−1
n



−
(

1 +
yTnB

−1
n yn

sTnyn

)
sTnBnsn
sTnyn

B−1
n

Bnsn
(sTnBnsn)1/2

sTnBn
(sTnBnsn)1/2

B−1
n



−
(

1 +
yTnB

−1
n yn

sTnyn

)
sns

T
n

sTnyn



B−1
n+1 = B−1

n −
B−1
n yns

T
n + sny

T
nB
−1
n

sTnyn
+

(
1 +

yTnB
−1
n yn

sTnyn

)
sns

T
n

sTnyn



B−1
n



B−1
n+1 = B−1

n + αuuT + βvvT



α



β



v



B−1
n+1yn = (B−1

n + αuuT + βvvT )yn = B−1
n yn + u(αuT yn) + v(βvT yn) = sn



u(αuT yn) + v(βvT yn) = sn −B−1
n yn



u = sn, α =
1

sT yn
, v = B−1

n yn, β = − 1

vT yn
= − 1

yTnB
−1
n yn



B−1
n+1 = B−1

n + αuuT + βvvT



B−1
n+1 = B−1

n + αuuT + βvvT = B−1
n +

sns
T
n

sTnyn
− B−1

n yny
T
nB
−1
n

yTnB
−1
n yn



Bn+1 = Bn −
Bnsny

T
n + yns

T
nBn

yTn sn
+

(
1 +

sTnBnsn
yTn sn

)
yny

T
n

yTn sn



zTBnz > 0



z 6= 0



gTn+1dn ≥ c2 gTn dn (gn+1 − c2 gn)
T
dn ≥ 0



δdn = xn+1 − xn = sn



(gn+1 − c2gn)T sn = gTn+1sn − c2gTn sn ≥ 0



yTn sn = (gn+1 − gn)T sn = gTn+1sn − gTn sn



yTn sn − (gTn+1sn − c2gTn sn) = (c2 − 1)gTn sn > 0



gTn sn < 0



c2 < 1



yTn sn ≥ gTn+1sn − c2gTn sn ≥ 0



yTn sn > 0



Bn = LLT



a = LT z



b = LT s



aTa = zTBnz, bT b = sTBns, aT b = zTBns



zT
[
Bn −

Bnsns
T
nBn

sTnBnsn

]
z = zTBnz −

(zTBnsn)2

sTnBnsn
= aTa− (aT b)2

bT b
≥ 0



sTnyn ≥ 0



zT
(
sns

T
n

sTnyn

)
z ≥ 0



zTBn+1z = zT
(
Bn −

Bnsns
T
nBn

sTnBnsn

)
z + zT

(
yny

T
n

sTnyn

)
z ≥ 0



B−1



N



f(x) = f(x0 + δx) ≈ f(x0) + gT0 δx+
1

2
δxTH0δx



f(x) =
1

2
xTAx− bTx+ c



A = H



g(x) =
d

dx
f(x) =

d

dx

(
1

2
xTAx− bTx+ c

)
= Ax− b



H(x) =
d2

dx2
f(x) =

d

dx
g =

d

dx
(Ax− b) = A



g(x) = Ax− b = 0



x∗ = A−1b



f(x∗) =
1

2
(A−1b)TA(A−1b)− bT (A−1b) + c = −1

2
bTA−1b+ c



g(x∗) = Ax∗ − b = 0



Ax = b



A = AT



uTAv = (Av)Tu = vTAu = 0



A = I



vTu = 0



{d0, · · · , dN−1}



dTi Adj = 0



i 6= j



v1 =
[
1
0
]
, v2 =

[
0
1
]
, A =

[
31
12
]



u1 = v1 =
[
1
0
]
, u2 = v2 −

uT1 Av2

uT1 Au1
u1 =

[
−1/3

1

]



x = [2, 3]T



v1



v2



pv1(x) =
vT1 x

vT1 v1
v1 = 2

[
1
0
]

=
[
2
0
]
, pv2(x) =

vT2 x

vT2 v2
v2 = 3

[
0
1
]

=
[
0
3
]



u1



u2



pu1
(x) =

uT1 Ax

uT1 Au1
u1 = 3

[
1
0
]

=
[
3
0
]
, pu2

(x) =
uT2 Ax

uT2 Au2
u2 = 3

[
−1/3

1

]
=
[
−1
3

]



x =
[
2
3
]



2
[
1
0
]

+ 3
[
0
1
]

= 2v1 + 3v2 = pv1(x) + pv2(x)



3
[
1
0
]

+ 3
[
−1/3

1

]
= 3u1 + 3u2 = pu1

(x) + pu2
(x)



A



{d0, · · · , dn, · · ·}



gTn gn+1 = 0



dTi Adj = 0 (i 6= j)



xn+1 = xn + δndn = · · · = x0 +

n∑
i=0

δidi



en = xn − x∗



en+1 = en + δndn = · · · = e0 +

n∑
i=0

δidi



g = Ax− b



gn = Axn − b = A(x∗ + en)− b = Ax∗ − b+Aen = Aen



ε = ||gn||2



δi



− dTi gi
dTi Adi

= −d
T
i Aei
dTi Adi

= −
dTi A

(
e0 +

∑i−1
j=0 δjdn

)
dTi Adi



−
dTi Ae0 +

∑n−1
j=0 δjd

T
i Adj

dTi Adi
= −d

T
i Ae0

dTi Adi



di



dj



dTi Adj = 0



en+1 = en + δndn = en −
(
dTnAe0

dTnAdn

)
dn



e0 = x0 − x∗



e0 =

N−1∑
i=0

cidi =

N−1∑
i=0

pdi(e0) =

N−1∑
i=0

(
dTi Ae0

dTi Adi

)
di



pdi(e0)



e0



pdi(e0) = cidi =

(
dTi Ae0

dTi Adi

)
di



ci



ci =
dTi Ae0

dTi Adi
= −δi



en+1



en+1 = e0 +

n∑
i=0

δidi =

N−1∑
i=0

cidi −
n∑
i=0

cidi =

N−1∑
i=n+1

cidi =

N−1∑
i=n+1

pdi(e0)



pdn(e0)



eN = 0



xN = x∗ + eN = x∗



dTkA (k ≤ n)



dTkAen+1 =

N−1∑
i=n+1

cid
T
kAdj = 0



n+ 1



d0, · · · , dn



dTkAen+1 = dTk gn+1 = 0



N = 2



−g0



d1



d0



e1



−g1



{v0, · · · , vN−1}



dn = vn −
n−1∑
j=0

pdj (vn) = vn −
n−1∑
m=0

(
dTmAvn
dTmAdm

)
dm = vn −

n−1∑
m=0

βnmdm



βnm = dTmAvn/(d
T
mAdm)



βnmdm



vn



dm



vn = −gn



dn = −gn −
n−1∑
m=0

βnmdm,



βnm =
dTmAvn
dTmAdm

= − d
T
mAgn
dTmAdm

(m < n)



gn =

n∑
i=0

αidi



gTn+1



gTn+1gk = gTn+1

(
k∑
i=0

αidi

)
=

k∑
i=0

αi g
T
n+1di = 0



gTn+1dk = 0



g0, · · · , gn



gTk (k ≥ n)



gTk dn = −gTk gn −
n−1∑
m=0

βmn g
T
k dm = −gTk gn =

{
−||gn||2n = k

0 n < k



gTk dm = 0



m < n ≤ k



gTn dn = −||gn||2



δn = − gTn dn
dTnAdn

=
||gn||2

dTnAdn



gm+1 = Axm+1 − b = A(xm + δmdm)− b = (Axm − b) + δmAdm = gm + δmAdm



gTn



n > m



gTn gm+1 = gTn gm + δmg
T
nAdm = δmg

T
nAdm



gTn gm = 0



m 6= n



gTnAdm



gTnAdm =
1

δm
gTn gm+1 =

{
||gn||2/δn−1m = n− 1

0 m < n− 1



βnm = − d
T
mAgn
dTmAdm

=
{
−||gn||2/δn−1d

T
n−1Adn−1m = n− 1

0 m < n− 1



m = n− 1



m



βnm



dn = vn −
n−1∑
m=0

βnmdm = −gn − βndn−1



δn−1 = ||gn−1||2/dTn−1Adn−1



βnm = βm



βn = − ||gn||
2

||gn−1||2



d0 = −g0



δn =
||gn||2

dTnAdn
, xn+1 = xn + δndn



gn+1 =
d

dx
f(xn+1)



βn+1 = −||gn+1||2

||gn||2



dn+1 = −gn+1 − βn+1dn



f(x, y) = xTAx = [x1, x2]
[
31
12
] [x1x2

]



x0 = [1.5, −0.75]T



n x = [x1, x2] f(x)
0 1.500000,−0.750000 2.812500
1 0.250000,−0.7500000.468750e− 01
2 0.250000,−0.1250007.812500e− 02
3 0.041667,−0.1250001.302083e− 02
4 0.041667,−0.0208332.170139e− 03
5 0.006944,−0.0208333.616898e− 04
6 0.006944,−0.0034726.028164e− 05
7 0.001157,−0.0034721.004694e− 05
8 0.001157,−0.0005791.674490e− 06
9 0.000193,−0.0005792.790816e− 07
100.000193,−0.0000964.651361e− 08
110.000032,−0.0000967.752268e− 09
120.000032,−0.0000161.292045e− 09
130.000005,−0.0000162.153408e− 10



n x = [x1, x2] f(x)
01.500000,−0.7500002.812500e+ 00
10.250000,−0.7500004.687500e− 01
20.000000,−0.0000001.155558e− 33



f(x) = xTAx



A =
[
531
342
123

]



x0 = [1, 2, 3]T



x41 = [3.5486e− 06, −7.4471e− 06, 4.6180e− 06]T



f(x) = 8.5429e− 11



n x = [x1, x2, x3] f(x)
0 1.000000, 2.000000, 3.000000 4.500000e+ 01
1−0.734716,−0.106441, 1.2652842.809225e+ 00
2 0.123437,−0.209498, 0.136074 3.584736e− 02
3 −0.000000, 0.000000, 0.000000 3.949119e− 31



N = 9



||e|| ≈ 10−10



||e|| ≈ 10−16



x1 = 0.5, x2 = 0, x3 = −0.5



n x = [x1, x2, x3] J(x)
0 0.0000, 0.0000, 0.0000 1.032500e+ 02
1 0.0113, 0.0050,−0.5001 3.160163e+ 00
2 0.0188,−0.0021,−0.50043.095894e+ 00
3 0.5009,−0.0018,−0.50047.268252e− 05
4 0.5009,−0.0017,−0.50001.051537e− 05
5 0.5008,−0.0012,−0.50006.511151e− 06
6 0.5001,−0.0005,−0.50006.365321e− 07
7 0.5001,−0.0005,−0.50005.667357e− 07
8 0.5002,−0.0004,−0.50002.675128e− 07
9 0.5001,−0.0003,−0.50001.344218e− 07
100.5001,−0.0002,−0.50001.241196e− 07
110.5000,−0.0001,−0.50002.120969e− 08
120.5000,−0.0001,−0.50001.541814e− 08
130.5000,−0.0001,−0.50007.282025e− 09
140.5000,−0.0001,−0.50004.801781e− 09
150.5000,−0.0000,−0.50004.463926e− 09



f(x) = xTAx/2− bTx+ c



d f(x)/dx = Ax− b = 0



Ax− b = 0



Ax = b



di, (i = 1, · · · , N)



dTi Adj = 0 (i 6= j)



x =

N∑
i=1

cidi



b = Ax = A

[
N∑
i=1

cidi

]
=

N∑
i=1

ciAdi



dTj



dTj b =

N∑
i=1

cid
T
j Adi = cjd

T
j Adj



cj



cj =
dTj b

dTj Adj



x =

N∑
i=1

cidi =

N∑
i=1

(
dTi b

dTi Adi

)
di



b = Ax



pdi(x) =

(
dTi Ax

dTi Adi

)
di



R = N < M



ATAx = AT b



ATA



∆E = f(xn+1)− f(xn)



P (∆E, T )



P



P (∆E, T ) = e−∆E/T >



T



∆E



f(x) = f(x1, · · · , xN ){
hi(x) = 0, (i = 1, · · ·m)
gj(x) ≤ 0, (j = 1, · · ·n)



m+ n



gi(x)



hj(x)



{
f(x) = f(x1, · · · , xN )
hi(x) = hi(x1, · · · , xN ) = 0, (i = 1, · · ·m)



m = 1



h(x)



x1



x2



h(x) = 0



h(x∗) = 0



f(x) = d



d



5xf(x∗) = λ 5x h(x∗)



5xf(x) = [∂f/∂x1, · · · , ∂f/∂xN ]T



λ



L(x, λ) = f(x)− λh(x)



5x,λL(x, λ) = 5x,λ[f(x)− λh(x)] = 0



{
5xf(x) = λ5x h(x)
5λL(x, λ) = ∂L(x, λ)/∂λ = −h(x) = 0



N +m = 2 + 1 = 3



x1, x2, λ



∂f(x)

∂xi
= λ

∂h(x)

∂xi
(i = 1, 2), h(x) = 0



x∗ = [x∗1, x
∗
2]T



λ∗



5xf(x) = λ5x h(x)



λ∗ = 0



5xf(x∗) = λ∗ 5x h(x∗) = 0



λ∗ 6= 0



5xf(x∗) 6= 0



5xh(x∗) 6= 0



N > 2



hi(x) = 0 (i = 1, · · · ,m)



h1(x∗) = · · · = hm(x∗) = 0



f(x∗) = d



hi(x) = 0



5f(x∗)



5hi(x∗)



5xf(x∗) =

m∑
i=1

λ∗i 5x hi(x∗)



L(x, λ) = f(x)−
m∑
i=1

λihi(x)



λ = [λ1, · · · , λm]T



5x,λL(x, λ) = 5x,λ

[
f(x)−

m∑
i=1

λihi(x)

]
= 0



5xf(x) =

m∑
i=1

λi 5x hi(x)
∂f(x)

∂xj
=

m∑
i=1

λi
∂hi(x)

∂xj
(j = 1, · · · , N),



∂L(x, λ)

∂λi
= hi(x) = 0 (i = 1, · · · ,m)



5xf(x∗)



5xhi(x∗)



λ1, · · · , λm



λi = 0



i = 1, · · · ,m



5xf(x∗) =

m∑
i=1

λi 5x hi(x) = 0



{
f(x) = f(x1, · · · , xN )
gj(x) = gj(x1, · · · , xN ) ≤ ≥ 0, (j = 1, · · ·n)



n = 1



g(x) > 0



x∗ = [x∗1, x
∗
2]T



g(x1, x2) = 0



5xf(x∗) = 0, g(x∗) 6= 0



µ∗ = 0



5xf(x∗) = µ∗ 5x g(x∗) = 0



5xf(x) = 0



g(x∗) = 0, 5xf(x∗) 6= 0



g(x)



5xf(x∗) = µ∗ 5x g(x∗) 5x f(x∗)− µ∗ 5x g(x∗) = 0



µ > 0



µ < 0



µ



g(x) ≥ 0



g(x) ≤ 0



x4



g(x) ≥ 0 g(x) ≤ 0
max f(x)(1)5 f(x1) = µ 5 g(x1), µ < 0(3)5 f(x3) = µ 5 g(x3), µ > 0
min f(x)(2)5 f(x2) = µ 5 g(x2), µ > 0(4)5 f(x4) = µ 5 g(x4), µ < 0



µ
x1max f(x)g(x) ≥ 0µ < 0
x2 min f(x)g(x) ≥ 0µ > 0
x3max f(x)g(x) ≤ 0µ > 0
x4 min f(x)g(x) ≤ 0µ < 0



µ g(x)
{
≤ 0
≥ 0



g(x∗) 6= 0



g(x∗) = 0



µ∗ 6= 0



µ∗ g(x∗) = 0



n



gi(x) = 0 (i = 1, · · · , n)



L(x, µ) = f(x)−
n∑
i=1

µi gi(x)



µ = [µ1, · · · , µn]T



(µ∗)T g(x∗) = 0



5x,µL(x, µ) = 5x,µ

[
f(x)−

n∑
i=1

µi gi(x)

]
= 0



5xf(x) =

n∑
i=1

µi 5x gi(x)



5µ

[
n∑
i=1

µi gi(x)

]
= 0

∂L(x, µ)

∂µi
= gi(x) = 0 (i = 1, · · · , n)



5g(x)



µ = 0



f(x) = f(x1, · · · , xN ){
hi(x) = 0, (i = 1, · · ·m)
gj(x) ≤ 0 gj(x) ≥ 0, (j = 1, · · ·n)



f(x){
h(x) = 0
g(x) ≤ 0 g(x) ≥ 0



h(x) = [h1(x), · · · , hm(x)]T



g(x) = [g1(x), · · · , gn(x)]T



L(x, λ, µ) = f(x)−
m∑
i=1

λihi(x)−
n∑
j=1

µjgj(x) = f(x)− λTh(x)− µT g(x)



L(x, λ, µ)



λ



µ



∂

∂x
L(x, λ, µ) = 0,

∂

∂λ
L(x, λ, µ) = 0,

∂

∂µ
L(x, λ, µ) = 0



λi



µj



f(x1, x2) = x2
1 + x2

2



x1 + x2 = 1



x1 + x2 ≤ 1



x1 + x2 ≥ 1



{
f(x1, x2) = x2

1 + x2
2

h(x1, x2) = x1 + x2 − 1 = 0



L(x1, x2, λ) = f(x1, x2)− λg(x1, x2) = x2
1 + x2

2 − λ(x1 + x2 − 1)



∂L

∂x1
= 2x1 − λ = 0,

∂L

∂x2
= 2x2 − λ = 0,

∂L

∂λ
= x1 + x2 − 1 = 0



λ∗ = 1, x∗1 = x∗2 = 0.5



f(0.5, 0.5) = 0.5



f(x1, x2)



g(x1, x2)



x∗1 = x∗2 = 0.5



5f(0.5, 0.5) = 5h(0.5, 0.5) = [1, 1]T



{
f(x1, x2) = x2

1 + x2
2

g(x1, x2) = x1 + x2 − 1 ≥ 0

{
f(x1, x2) = x2

1 + x2
2

g(x1, x2) = x1 + x2 − 1 ≤ 0



µ∗ = 1 > 0



{
f(x1, x2) = x2

1 + x2
2

g(x1, x2) = x1 + x2 − 1 ≥ 0

{
f(x1, x2) = x2

1 + x2
2

g(x1, x2) = x1 + x2 − 1 ≤ 0



∂L

∂x1
= 2x1 = 0,

∂L

∂x2
= 2x2 = 0



x∗1 = x∗2 = 0



x∗ = 0



f(x∗) = 0



{
fp(x)
h(x) = 0, g(x) ≤ 0 g(x) ≥ 0



L(x, λ, µ) = fp(x)− λTh(x)− µT g(x)



5xL(x, λ, µ) = 0, 5λL(x, λ, µ) = 0, 5µL(x, λ, µ) = 0



p∗ = fp(x
∗)



fp(x)



gi(x)



hi(x)



fd(λ, µ) = min
x
L(x, λ, µ) = min

x

[
fp(x)− λTh(x)− µT g(x)

]



fd(λ, µ)



{
fd(λ, µ) = minx L(x, λ, µ)
µ ≤ 0 µ ≥ 0



µT g(x) ≥ 0



{λ∗, µ∗}



d∗ = fd(λ
∗, µ∗)



{λ, µ}



fp(x) ≥ fd(λ, µ)



p∗ = fp(x) ≥ fd(λ, µ) = d∗



p∗ − d∗



p∗ − d∗ ≥ 0



p∗ = d∗



d∗



5xL(x∗, λ, µ) = 0



hi(x
∗) = 0, gj(x

∗) ≤ 0 gj(x
∗) ≥ 0, (i = 1, · · · ,m, j = 1, · · · , n)



µ∗j ≤ 0 µ∗j ≥ 0, (j = 1, · · · , n)



µ∗j



gj(x
∗)



gj(x
∗) 6= 0



µ∗j = 0



µ∗j 6= 0



gj(x
∗) = 0



(µ∗)T g(x∗) = 0



fp(x
∗)



gj(x)



h(x∗) = 0



d∗



fd(λ
∗, µ∗) = min

x
L(x, λ∗, µ∗)



min
x

[
fp(x)− (λ∗)Th(x)− (µ∗)T g(x)

]



≤



fp(x
∗)− (λ∗)Th(x∗)− (µ∗)T g(x∗)



fp(x
∗)− (µ∗)T g(x∗)



fp(x
∗) = p∗



d∗ = p∗



(µ∗)T g(x∗) = 0



hjx)



fd(λ
∗, µ∗) = L(x∗, λ∗, µ∗) = fp(x

∗)− (λ∗)Th(x∗)− (µ∗)T g(x∗)



{(xn, yn), n = 1, · · · , N}



{
1
2 ||w||

2

yn(xTnw + b) ≥ 1 (n = 1, · · · , N)



w =
∑N
n=1 αnynxn



w



||w||2



α = [α1, · · · , αN ]T



{∑N
n=1 αn −

1
2

∑N
n=1

∑N
m=1 αnαmynym

(
xTnxm

)∑N
n=1 αnyn = yTα = 0, αn ≥ 0 (n = 1, · · · , N)



αT 1− 1

2
αTQα



Q



N ×N



Q(m,n) = ymynx
T
mxn



f(x1, · · · , xN ) =
∑N
i=1 cixi



x1, · · · , xN



f(x1, · · · , xN ) =
∑N
i=1 cixi

∑N
i=1 a1ixi ≤ b1· · · · · · · · · · · ·∑N
i=1 aMixi ≤ bM

x1 ≥ 0, · · · , xN ≥ 0



cTx{
Ax− b ≤ 0
x ≥ 0



x =

[x1

xN

]
c =

[ c1
cN

]
b =

[
b1

bM

]
A =

[ a11 · · · a1N

aM1· · ·aMN

]



c1, · · · , cN



aij



f(x1, · · · , xN )



b1, · · · , bM



f(x1, x2, x3) = 2x1 − x2 + 3x3{
x1 − 2x2 + x3 = 3
3x1 − x2 + 4x3 = 10
x2 ≥ 0, x3 ≥ 0



x1 = 3 + 2x2 − x3



2x1 − x2 + x3 = 3x2 + x3 + 6



5x2 + x3 = 1



f(x2, x3) = 3x2 + x3 + 6{
5x2 + x3 = 1
x2 ≥ 0, x3 ≥ 0



L(x) = cTx− yT (Ax− b) = (c−AT y)Tx+ yT b



y = [y1, · · · , yM ]T



Ax− b ≤ 0



y ≥ 0



L(x)



fd(y) = max
x

L(x) = max
x

[cTx− yT (Ax− b)] = max
x

[(c−AT y)Tx+ yT b]



5xL(x) = 5x[(c−AT y)Tx+ yT b] = c−AT y = 0



Ld(y) = maxx L(x)



fd(y) = yT b



c−AT y ≤ 0



(c−AT y)Tx ≤ 0



x ≥ 0



fd(y) = bT y ≥ L(x) = cTx− yT (Ax− b) ≥ cTx = fp(x)



y



{
:cTx
Ax− b ≤ 0, x ≥ 0 ⇐⇒

{
bT y
AT y − c ≥ 0, y ≥ 0



{
:cTx
Ax− b ≤ 0, x ≥ 0



⇐⇒



{
bT y
AT y − c ≤ 0, y ≤ 0



{
−bT y
AT y + c ≥ 0, y ≥ 0



p∗



N∑
i=1

aixi ≤ b =⇒
N∑
i=1

aixi + s = b, (s ≥ 0)



z = f(x) = cTx =
∑N
j=1 cjxj

∑N
i=1 a1ixi +s1 = b1∑N
i=1 a2ixi +s2 = b2· · · · · · · · · · · · · · · · · ·∑N
i=1 aMixi +sM= bM

x1 ≥ 0, · · · ,xN ≥ 0,s1 ≥ 0,· · · sM ≥ 0



N +M



{s1, · · · , sM}



x = [x1, x2, · · · , xN , s1, s2, · · · , sM ]T



M × (N +M)



A =

 a11 a12 · · · a1N 1 0 · · ·0
a21 a22 · · · a1N 0 1 · · ·0

aM1aM2· · ·aMN0· · · 0 1


M×(N+M)

= [ AM×N | IM×M ]



AM×N



IM×M = [e1, · · · , eM ]



cTx{
Ax+ s = b
x ≥ 0, s ≥ 0

cTx{
Ax = b
x ≥ 0



c



||c|| = 1



f(x) = cTx



aj = [ai1, · · · , aIN ]T



N∑
j=1

aijxj = aTj x = bi, (i = 1, · · · ,M)



xj ≥ 0



x ≥ 0



ej



CNM+N = CMM+N =
(M +N)!

N ! M !



CNM+N



x∗ ∈ P



ε > 0



ε



x′ = x∗ + ε c/||c|| ∈ P



f(x′)



cTx′ = cT (x∗ + ε c/||c||)



cTx∗ + ε cT c/||c|| = cTx∗ + ε ||c|| > cTx∗ = f(x∗)



CNN+M



fp(x1, x2) = 2x1 + 3x2{2x1 + x2 ≤ 18
6x1 + 5x2 ≤ 60
2x1 + 5x2 ≤ 40
x1 ≥ 0, x2 ≥ 0

fp(x) = cTx{
Ax− b ≤ 0
x ≥ 0



x =
[x1x2

]
, c =

[
2
3
]
, b =

[
18
60
40

]
, A =

[
21
65
25

]



M = 3



n+m = 5



CNN+M = C2
5 = 10



fp(x1, x2) = cTx = c1x1 + c2x2



x = [x1, x2]T



c = [2, 3]T



cTx = z



fp(x1, x2) = 2x1 + 3x2{2x1 + x2 ≤ 18
6x1 + 5x2 ≤ 60
2x1 + 5x2 ≤ 40
x1 ≥ 0, x2 ≥ 0

=⇒
fp(x1, x2) = 2x1 + 3x2{2x1 + x2 + s1 = 18

6x1 + 5x2 + s2 = 60
2x1 + 5x2 + s3 = 40
x1 ≥ 0, x2 ≥ 0, s1 ≥ 0, s2 ≥ 0, s3 ≥ 0



CNM+N = C2
5 = 10



s1, s2, s3



M +N = 5



x∗ = (5, 6)



fp(x1, x2) = 2x1 + 3x2 = 2× 5 + 3× 6 = 28



x1 x2 s1 s2 s3 cTx/||c|| = 1
1 5 6 2 0 0 28/7.77
2 6.255.5 0 −5 0 29/8.04
3 7.5 3 0 0 10 24/6.66
4 20 0 −2−60 20 40/11.1
5 10 0 −2 0 20 20/5.55
6 9 0 0 6 22 18/4.10
7 0 8 10 20 0 24/6.66
8 0 12 6 0 −20 36/9.98
9 0 18 0 −30−50 54/14.99
10 0 0 18 60 40 0/0.00



fd(y1, y2, y3) = 18y1 + 60y2 + 40y3{
2y1 + 6y2 + 2y3 ≥ 2
y1 + 5y2 + 5y3 ≥ 3
y1 ≥ 0, y2 ≥ 0, y3 ≥ 0

fd(y) = bT y{
AT y − c ≥ 0
y ≥ 0



m = 2



n = 3



y1 ≤ 0



y2 ≤ 0



y3 ≤ 0
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(y1, y2, y3)
1 (1, 0, 0) 18
2 (3, 0, 0) 54
3 (0, 1/3, 0) 20
4 (0, 3/5, 0) 36
5 (0, 0, 1) 40
6 (0, 0, 3/5) 24
7 (0, 1/5, 2/5)28
8 (1/2, 0, 1/2)29
9 (−2, 1, 0) 24
10 (0, 0, 0) 0



(0, 1/5, 2/5)



fd(y1, y2, y3) = 18y1 + 60y2 + 40y3



28



fp(x1, x2) = 2x1 + 3x2



(5, 6)



AM×NxN×1 ≤ bM×1



Ax = [AM×N | IM×M ]x = b



(A) = M



I



Ax = [An I]
[xnxb] = Anxn + I xb = b



xb



An



xn = 0



xb = b



x =
[xnxb] =

[
0
b

]



Ax ≤ b



{e1, · · · , eM}



N +M + 1



M + 1



∑N
j=1 aijxj + si = bi



i = 1, · · · ,M



(M + 1)st



f(x) =
∑N
j=1 cjxj



x1 = · · · = xN = 0



z − c1x1 − · · · − cNxN = 0



(N +M + 1)st



b = [b1, · · · , bM ]T



z = f(x)



x1 x2 · · · xN s1s2· · ·sM
s1 a11 a12 · · · a1N 1 0 · · · 0 b1
s2 a21 a22 · · · a2N 0 1 · · · 0 b2

sMaM1aM2· · ·aMN 0 0 · · · 1 bM
z −c1−c2 · · ·−cM 0 0 · · · 0 0



xn = [x1, · · · , xN ]T



xb = [s1, · · · , sM ]T



M ×M



xb = [s1, · · · , sM ]T = b, xn = [x1, · · · , xN ]T = 0



Ax = Anxn + Ixb = b



xj



−cj



cj = max{c1, · · · , cN}



z =
∑N
j=1 cjxj



xk (k 6= j)



∑N
j=1 akjxj ≤ bk



xj ≤ bk/akj



akj > 0



bi/aij = min{bk/a1j , · · · , bk/aMj}



si



akj < 0



k = 1, · · · ,M



ei



ri



ri ← ri/aij



aij = 1



akjri



rk ← rk − akjri



akj = 0



k = 1, · · · ,M + 1



k 6= i



rM+1



bi



si = 0



b



M > N



M < N



f(x) = 2x1 + 3x2{2x1 + x2 + s1 = 18
6x1 + 5x2 + s2 = 60
2x1 + 5x2 + s3 = 40
x1 ≥ 0, x2 ≥ 0, s1 ≥ 0, s2 ≥ 0, s3 ≥ 0



y



u



v



w



b1



b2



b3



x1 x2 s1s2s3 b
s1 2 1 1 0 0 18
s2 6 5 0 1 0 60
s3 2 5 0 0 1 40
z −2−3 0 0 0 0



s1 = 18



s2 = 60



s3 = 40



j = 2



−c2 = −3 < −c1



r3



b3/a32 = 40/5 = 8 = min{18/1 = 18, 60/5 = 12, 40/5 = 8}



ri = r3 = [2, 5, 0, 0, 1, 40]



aij = 32 = 5



ri = r3 = [0.4, 1, 0, 0, 0.2, 8]



akjrk = ak2rk



rk



akj = ak2 = 0, (k = 1, · · · ,M + 1 = 4, k 6= i)



r4



x1 x2 s1s2 s3 b
s1 1.6 0 1 0−0.210
s2 4 0 0 1 −1 20
x2 0.4 1.0 0 0 0.2 8
z −0.8 0 0 0 0.6 24



xj = x2



si = s3



x1 = 0, x2 = b3 = 8



s1 = 10



s2 = 20



s3 = 0



z = cTx = 24



j = 1



−c1 = −0.8



i = 2



b2/a21 = 20/4 = 5 = min{10/1.6 = 6.25, 20/4 = 5, 8/0.4 = 20}



ri = r2 = [4, 0, 0, 1, −1, 20]



aij = a21 = 4



ri = r2 = [1, 0, 0, 0.25, −0.25, 5]



akjrk = ak1rk



akj = ak1 = 0, (k = 1, · · · ,M + 1 = 4)



x1x2s1 s2 s3 b
s1 0 0 1 −0.4 0.2 2
x1 1 0 0 0.25−0.25 5
x2 0 1 0−0, 1 0.3 6
z 0 0 0 0.2 0.4 28



s1



x1 = b2 = 5, x2 = b3 = 6



s1 = 2, s2 = s3 = 0



z = cTx = 28



z = 0



x1 = 0



x2 = 8



z = 24



x1 = 5



x2 = 6



z = 28



f(x) = cTx∗



s



f(x) = 1
2 [x−m]TQ[x−m] = 1

2x
TQx+ cTx+ c

Ax ≤ b



Q = QT



M ×N



c = −Qm, c = mTQm/2



c



xTQx



m



m ≤ N



Ax− b = 0



L(x, λ) = f(x) + λT (Ax− b) =
1

2
xTQx+ cTx+ λT (Ax− b)



5xL(x, λ)



Qx+ c+ATλ = 0



5λL(x, λ)



Ax− b = 0



[
QAT
A 0

] [x
λ
]

=
[
−c
b

]



m+N



λ∗



f(x1, x2) = x2
1 + x2

2 = 1
2 [x1, x2]

[
20
02
] [x1x2

]
= 1

2x
TQx

Ax = [1, 1]
[x1x2

]
= x1 + x2 = b = 1



Q =
[
20
02
]
, A = [1, 1], c =

[
0
0
]
, b = 1;



[
201
021
110

] [x1x2
λ

]
=
[
0
0
1

]



x∗1 = x∗2 = 0.5



λ∗ = −1



f(x∗1, x
∗
2) = 0.5



M = N



f(x) = 1
2x

TQx+ cTx
Ax ≤ b



f(x){
h(x) = 0
g(x) ≤ 0 g(x) ≥ 0
x ≥ 0



s ≥ 0



g(x) ≤ 0 =⇒ g(x) + s = 0, g(x) ≥ 0 =⇒ g(x)− s = 0



h(x) = 0



f(x){
h(x) = 0
x ≥ 0



L(x, λ, µ) = f(x) + λTh(x)− µTx




5xL(x, λ, µ) = gf (x) + JTh (x)λ− µ = 0
h(x) = 0, x ≥ 0
µ ≥ 0
µjxj = 0, (j = 1, · · · , N) XM1 = 0



X =

[
x1· · · 0

0 · · ·xn

]
N×N

, M =

[
µ1· · · 0

0 · · ·µN

]
N×N



Jf (x)



h(x)



Jh(x) =


∂h1

∂x1
· · · ∂h1

∂xn

∂hm

∂x1
· · ·∂hm

∂xn


M×N



I(x) =
{

0 x ≥ 0
∞x < 0



x ≥ 0



f(x) +
∑N
i=1 I(xi)

h(x) = 0



I(x)



t > 0



−1

t
ln(x)

t→∞
=⇒ I(x)



f(x)− 1
t

∑N
i=1 lnxi

h(x) = 0



L(x, λ, µ) = f(x) + λTh(x)− 1

t

N∑
j=1

lnxj



5xL(x, λ, µ) = gf (x) + JTh (x)λ− 1

t
X−11



µ =
x

t
=

1

t
X−11, Xµ = XM1 =

1

t



{
gf (x) + JTh (x)λ− µ = 0
h(x) = 0
XM1− 1/t = 0



µ ≥ 0



1/t



t→∞



F (x, λ, µ) = 0



JF



F (x, λ, µ)



F (x, λ, µ) =

[
gf (x) + JTh (x)λ− µ

h(x)
XM1− 1/t

]
, JF =

[
W (x)JTh (x)−I
Jh(x) 0 0
M 0 X

]



W (x)



5x
[
gf (x) + JTh (x)λ− µ

]



5xgf (x)−5x

[
M∑
i=1

λi
∂hi
∂x1

, · · · ,
M∑
i=1

λi
∂hi
∂xN

]T
= Hf (x)−

M∑
i=1

λiHhi(x)



Hhi
, (i = 1, · · · ,M)



[xn+1
λn+1
µn+1

]
=

[
xn
λnµn

]
+ α

[
δxn
δλn
δµn

]



[δxn, δλn, δµn]T



JF (xn, λn, µn)

[
δxn
δλn
δµn

]
=

[
W (xn)JTh (xn)−I
Jh(xn) 0 0
Mn 0 Xn

][
δxn
δλn
δµn

]



−F (xn, λn, µn) = −

[
gf (xn) + JTh (xn)λn − µn

h(xn)
XnMn1− 1/t

]



µ0 = x0/t



λ0



X−1



Mδx+Xδµ = −XM1 + 1/t



X−1Mδx+ δµ = −M1 +X−11/t = −µ+X−11/t



Wδx+ JTh (x)δλ− δµ = −gf (x)− JTh (x)λ+ µ



(W +X−1M)δx+ JTh (x)δλ = −gf (x)− JTh (x)λ+X−11/t = −5x L(x, λ, µ)



δx



δλ



[
W +X−1MJTh (x)

Jh(x) 0

] [
δx
δλ

]
= −

[
5xL(x, λ, µ)

h(x)

]



δµ



Mδx+Xδµ = −XM1− 1/t



δµ = X−11/t−X−1Mδx− µ



f(x) = cTx
h(x) = Ax− b = 0, x ≥ 0



gf (x) = 5xf(x) = c



Jh(x) = 5x(Ax− b) = A



W (x) = 52
xL(x, λ, µ) = 0



L(x, λ, µ) = cTx+ λT (Ax− b)− µTx



{
5xL(x, λ, µ) = gf (x) + JTh (x)λ− µ = c+ATλ− µ = 0
h(x) = Ax− b = 0
XM1− 1/t = 0



[
0 AT−I
A 0 0
M 0 X

] [
δx
δλ
δµ

]
= −

[
c+ATλ− µ
Ax− b

XM1− 1/t

]



c+ATλ− µ = 0



f(x1, x2) = 2x1 + 3x2{2x1 + x2 ≤ 18
6x1 + 5x2 ≤ 60
2x1 + 5x2 ≤ 40
x1 ≥ 0, x2 ≥ 0

=⇒

f(x1, x2, x3, x4, x5) = −2x1 − 3x2
2x1 + x2 + x3 = 18
6x1 + 5x2 + x4 = 60
2x1 + 5x2 + x5 = 40
xi ≥ 0, (i = 1, · · · , 5)



f(x) = cTx
:h(x) = Ax− b = 0, x ≥ 0



x =

[x1x2x3x4x5

]
, c =

−2
−3
0
0
0

 , A =
[
21100
65010
25001

]
, b =

[
18
60
40

]



x3, x4, x5



x0 = [1, 2, 1, 1, 1]T



t = 9



9



α = 1



x∗ = [5, 6]T



f(x∗) = 2x1 + 3x2 = 28



(x1 x2) f(x)
1(1.000000e+ 002.000000e+ 00) −8.000000 52.413951
2(4.654514e+ 006.346354e+ 00)−28.348090 3.080204
3(5.040828e+ 005.946973e+ 00)−27.922575 0.213509
4(4.997282e+ 006.001764e+ 00)−27.999856 0.004262
5(4.999906e+ 005.999962e+ 00)−27.999697 0.000303
6(4.999989e+ 005.999996e+ 00)−27.999966 0.000034
7(4.999999e+ 006.000000e+ 00)−27.999996 0.000004
8(5.000000e+ 006.000000e+ 00)−28.000000 0.000000



x3 = 2, x4 = x5 = 0



f(x) = 1
2x

TQx+ cTx
h(x) = Ax− b = 0, x ≥ 0



gf (x) = 5xf(x) = Qx+ c



W (x) = 52
xL(x, λ, µ) = Q



L(x, λ, µ) =
1

2
xTQx+ cTx+ λT (Ax− b)− µTx



[
QAT−I
A 0 0
M 0 X

] [
δx
δλ
δµ

]
= −

[
Qx+ c+ATλ− µ

Ax− b
XM1− 1/t

]



f(x) = [x−m]TQ[x−m] = xTQx+ cTx+ d
h(x) = Ax− b = 0, x ≥ 0



Q =
[

4−1
−1 4

]
,
[
21
12
]
,
[
21
12
]
,
[

3−1
−1 3

]



m =
[

4
10
]
,
[
9
5
]
,
[
7
2
]
,
[
−1

6

]



x0 = [2, 1]T



δx, δλ, δµ



δx, δλ



X−1(Mδx+Xδµ) = X−1Mδx+ δµ = −M1 +X−11/t



−µ+ [1/x1t, · · · , 1/xnt]T = −µ+ µ = 0



W (x)δx+ JTh (x)δλ− δµ = −gf (x)− JTh (x) + µ



[
W (x) +X−1MJTh (x)

Jh(x) 0

] [
δx
δλ

]
= −

[
gf (x) + JTh (x)λ

h(x)

]



δxn − xn+1 − xn



Jf (xn)δxn = −f(xn)



f(x, λ, µ) = 0



Jf



(δx, δλ, δµ)



f0(x)
fj(x) ≤ 0, (j = 1, · · · , n) f(x) ≤ 0



f(x) = [f1(x, · · · , fn(x)]T



L(x, λ) = f0(x)−
n∑
j=1

λjfj(x) = f0(x)− F (x)λ



λ = [λ1, · · · , λn]T



F (x) = (f1(x), · · · , fn(x))




5f0(x) +

∑n
j=1 λj 5 fj(x) = gf0(x) + JTf (x)λ = 0

f(x) ≤ 0
λ ≥ 0
λjfj(x) = 0, (j = 1, · · · , n) F (x)λ = 0



f(x)− 1

t

n∑
j=1

ln(−fj(x)) = f0(x) +
1

t
b(x)



b(x)



b(x) = −
n∑
j=1

ln(−fj(x))



5

f0(x)− 1

t

n∑
j=1

ln(−fj(x))

 = 5f0(x)− 1

t

n∑
j=1

1

fj(x)
5 fj(x) = 0



λj = − 1

tfj(x)
≥ 0, (j = 1, · · · , n)



λj



fj(x) ≤ 0



F (x)λ+
1

t
= 0



5f0(x) +

n∑
j=1

λj 5 fj(x) = gf0(x) + JTf (x)λ = 0



Ld(x, λ) = f0(x) +

n∑
j=1

λjfj(x)



x∗, λ∗



Ld(x, λ)



{
y1(x, λ) = gf0(x) + JTf (x)λ = 0
y2(x, λ) = 1/t+ F (x)λ = 0



f(x) ≤ 0



λ ≥ 0



t = t0



t



x∗(t)



f0(x)



[
∂y1/∂x∂y1/∂λ
∂y2/∂x∂y2/∂λ

] [
δx
δλ

]
=

[
Hf0(x)JTf (x)
Jf (x) F (x)

] [
δx
δλ

]
= −

[y1y2

]
= −

[
gf0(x) + JTf (x)λ1/t+ F (x)λ

]



x+ δx



λ+ δλ



λ∗(t)



Ld(x
∗, λ∗) = f0(x∗) +

n∑
j=1

λjfj(x
∗) = f0(x∗)−

n∑
j=1

fj(x
∗)

t fj(x∗)
= f0(x∗)− n

t
< f0(x∗)



f0(x∗)− Ld(x∗, λ∗) = p∗ − d∗ = n/t


