8.1

Introduction to Reinforcement
Learning

Reinforcement Learning

Reinforcement learning (RL) can be considered as one of the three basic maghine
learning paradigms, alongside supervised learning (e.g., regression and ckdssifica-
tion) and unsupervised learning (e.g., clustering) discussed previously. The goal

of RL is for the algorithm, a software agent, to learn to make a sequence of de-

This first sentence is too long
to easily follow. Consider
breaking it into several
shorter sentences.

cisions, called policy, for a specific task in a given environment, for the purpose

eiving the maximum rewards from the environment.
[

ferent from supervised learning for either regression or classification based

on a given training dataset composed of a set of i.i.d. sample points x,, labeled
by yn, (n =1,---,N), RL is a learning method without any examples of op-
timal behaviors. Instead, RL learns on its own without relying on any labeled
trainitaset explicitely informing the agent what the correct respons@:e
while Zracting with the environment. On the other hand, different fro e
unsupervised methods that learns passively from the given dataset, RL is a trial-
and-error learning method, in which the agent actively interacts with and learns

Cut "discussed previously."
Readers already know what's
been discussed previously,
and if they don't, they can find
out from the table of contents.

fro E‘ given environment.
St<hically, RL as a sequential method depends on the dynamics of the

vironment which is modeled by a Markov decision process (MDP), a stocha

system of multiple states with probabilistic state transit@Land rewards. If the
MDP model of the enviro t in terms of its the staft nsition and reward
probabilities is known, the @gaent only needs to find the optimal policy in terms

of what action to take at each state of the MDP to achieve maximum accumu-
lated rewards as the consequence of its actions. The task in this model-based case
is called planning. On the other hand, if MDP of the environment is unknown,
the agent needs to learn the environment by repeatedly running the dynamic
process of the MDP based on some initial policy and gradually evaluate the re-
ceived rewards and improve the policy to eventually reach optimality. The task
in this model-free case is called control.

Depending on the action tak v the agent in the current state s, the system

transits to the next state s owing certain transition probability distribution.
The RL is to choose the

long-term expected reward, as the back of the environment. This is typir=
carried out by dynamic programming (DP), a class of algorithms seeki E;

hl n in the current state, to maximize the

Cp

IDefine "sequential method." |

/L "Stochastic" has been used

multiple times in the previous
chapters, so it shouldn't be

defined here, but it should be
defined the first time it's used.
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that would be clearer if
broken up into shorter
sentences.

This is a very long sentence

8.2

"Markov decision process" is
a countable noun (that is, _\

there are multiple different
Markov decision processes),
which means that it either
needs to be "a Markov
decision process," or else it
needs to be pluralized. The
easiest way to rewrite the first
sentence would probably be,
"Markov decision processes
(MDPs) are the mathematical
framework for reinforcement
learning."

The composition of this

Pj is the probability of

state j.

Introduction to Reinforcement Learning

simplify a complex problem by breaking it up into a set of sub-problems which
can be solved recursively.

The figure below illustrates the basic concepts of RL, where the agent makes a
decision in terms of the action a; to take in the current state s; by following some
policy m(a|s), while the environment makes a transition from the current state
s¢ to the next state s;41 by following the transition probability, a conditional
probability p(s|s,a) for the next state s;y1 = s’ given the curent state s; = s
and the action a; taken by the agent, and provides a reward ;1.

Markov Decision Process

Markov decision process (MDP) is the mathematical frame E for reinfo
ment learning. To understand MDP, we first consider the Zdce concept
Markov process or Markov chain, a stochastic model of a system that can be
characterized by a set of states S = {s1,---,sn} of size |S| = N (cardinality of
S). The dynamics of the system in terms of its state transition is modeled by the
transition probability P;; = P(s;|s;) from the current state s; = s; to the next
state s;41 = s; with 7,5 = 1,--- , N. The system is assumed to be memoryless,
i.e., its future is independent of the past history hy = {s¢, s¢—1, -+, 80}, given
the present s;:

P(st1|ht) = P(st+1]8¢,8¢-1, ", S0) (8.1)

For example, if t ate of a helicopter is described by its linear and angular
position and veloci ased on which its future position and velocity can be
completely determined, then it can be modeled by a Markov process; but iftha
state is only described by its position, then its position in the past is neede
determining its future (e.g., to find its velocity), and it is not a Markov process.

All transition probabilities can be organized as an N x N state transition

matrix should be explained,

transitioning from state i to

This example needs
significantly more
description. What are the
states? Where do the
transition probabilities come
from? Without the story
behind the example, this is
just a matrix of abstract
numbers that do not help
readers to understand the
concept.

matrix:
Py - Py
7 P=| (8.2)
Py1 -+ Pnn
As the transition probabilities from any current state s; to the N possible next
states s1,---, sy have to sum up to 1, we have
N N
Y Pj=Y P(sjlsi)=1, (i=1,---,N) (8.3)
j=1 j=1

Any matrix satisfying this property is called a stochastic matriz.

In the following, our discussion is mostly concentrated on the the general
transition from the current state s; = s to the next state s;+; = s’ with transition
probability P(siy1 = 8'|s¢ = s) = Psg.

Example Weather in Los Angeles:


user
Callout
This is a very long sentence that would be clearer if broken up into shorter sentences.

user
Callout
"Markov decision process" is a countable noun (that is, there are multiple different  Markov decision processes), which means that it either needs to be "a Markov decision process," or else it needs to be pluralized. The easiest way to rewrite the first sentence would probably be, "Markov decision processes (MDPs) are the mathematical framework for reinforcement learning."

user
Sticky Note
Typo: "basic"

user
Sticky Note
"concept of a Markov process or a Markov chain"

user
Sticky Note
"position and velocity, and its future position and velocity are completely determined by its present state, then..."

user
Sticky Note
"then its position in the past is needed to determine its velocity and therefore its future state, so it is not a Markov process"

user
Callout
The composition of this matrix should be explained, Pij is the probability of transitioning from state i to state j.

user
Callout
This example needs significantly more description. What are the states? Where do the transition probabilities come from? Without the story behind the example, this is just a matrix of abstract numbers that do not help readers to understand the concept.
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0.7 0.2 0.1
P=|04 03 03 (8.4)
0.5 0.2 0.3

We next consider a Markov reward process (MRP), represented by a tuple
(S, P, R,~) of four elements for the states, state tran probabilities, rewards,
and the discount factor. Here the reward R can be Es ered as a feedback signal
to the agent at each time step of the sequence of state transitions, indicating how
well it is doing with respect to the overall task. The reward can be negative, as a
penalty, for situations to be avoided. The performance of the agent is measured
by the sum of rewards accumulated over all time steps of the Markov process,
weighted by the discount factor v € [0, 1] that discounts future rewards. If v is
close to 0, then the immediate reward is emphasized (short-sighted or greedy),
but if v is close to 1, then rewards in the future steps will be almost as valuable
as immediate ones (far-sighted).

The sequence of state transitions of an MRP from an initial state sg t@‘
a

terminal state st is called an episode, and the number of time steps 7' is ¢
horizon, which can be either finite or infinite.

Both theseward r and the next state s’ resulting from arriving at the current
state s onsidered as random variables with joint probability p(s’,r|s) =
P(st4+1 = 8,441 = r|st = s), based on which both the state transition proba-
bility and state reward probability can be found by marginalization:

p(s'ls) = Plserr = 'lsy = 5) = Y p(s,7]s), P(rls) =Y p(s',rls)

reR s'eS

(8.5)

@ hat conventionally the reward r received after arriving at state s; is denoted

by 741, instead of r;. The index s’ € S for the summation over all states will be

abbreviated to s’ in the subsequent discussion. The expectation of the reward at
s is

r(s) = Elry41]s: = s] = ZrP(rLs) = ZTZP(SI,T|S) (8.6)
ﬁne the return Gy at each step s = s; as the @,Jate reward, the sum

of the immediate reward after arriving at the current state s = s; and all delayed
rewards in the future states upto a terminal state s with reward rr at the end
of the episode, discounted by ~:

T—t—1
Gy =ris1 + 2 +Vreps + -+ T lrp = Z Vrerke1 (8.7)
k=0

further define the state v@func’cion v(s) at state s = s; as the expectation

of the return, which can be er expressed recursively in terms of the values

This makes it sound like the
reward is greedy, but actually
it's the algorithm that's
greedy.
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This sentence is mostly
restating the sentence that
came before the equation,
which undercuts the
importance of the new
information being conveyed:
that the equation allows the
value to be calculated without
explicitly using future
rewards.

|P has already been defined.

We already know that the
system is of size N.

—>

"Dynamic programming" has
already been defined.

Introduction to Reinforcement Learning

v(s’) of all possible next states s’ = sy41:

v(s) =

E[Gi|st = s] = E[riq1 + 72 + 7 reqs + -+ |se = ¢
[rer1 +y(Tea2 +yreps + -0 )[se = 5]
[res1ls = se] + VE[Grqa|ses1 = 8, s = 5]

r(s) +7 Y P(s'|s)u(s")

E
E

(8.8)

where r(s) is given in Eq. (8.6). The value of a terminal state sp at the end of
an episode is zero, as there will be no next state and ty no more future
reward.

This equation is called the Bellman equation, by which the value v(s) at current
state s is expressed recursively in terms of the immediate reward r(s) and the
values v(s’) of all possible next states, without explicitely invoking all future
rewards. Based on this bootstrap idea of the Bellman equation, a multi-step MRP
problem can be expressed recursively as a subproblem concerning only a single
state transition from s to s’, as a backward induction to find current state value
from all future ones. For this reason, the Bellman equation plays an essential role
in future discussion of some important algorithms in reinforcement learning.

The Bellman equation in Eq. (8.8) holds for all states s1,---, sy, and the
resulting N equations can be expressed in vector form as:

v(s1) r(s1) P(s1]s1) P(sn|s1) v(s1)
v = +7 :
v(sn) r(sn) P(s1]sn) P(sn[sn) v(sn)
=r+Pv (8.9)

where P is called the stochastic matriz. Solving this linear equation system of
size N we find

v=(I-+9P) 'r (8.10)

Such a solution exis@s matrix I — yP is invertible. This can be shown by
noting that all eigenvalues of the stochastic matrix P are not greater than 1:
[A] < 1 (Section A.9), and all eigenvalues of ¥P are smaller than 1: YA < 1,
i.e., the eigenvalue of I — vP is greater than zero: 1 — v\ > 0. Consequently
the determinant det(I —vP) of this coefficient matrix, as the product of all its
nonzero eigenvalues, is non-zero and therefore matrix det(I —vP) is invertible.
= he Bell
by the general method G=dynamic programming (DP), which solves a multi-
stage planning problem backward induction and find the value function
recursively. We first rewrite the Bellman equation as

A ray ¢ Q
a e

pan equation in Eq. (8.8) can also be solved iteratively

v=r++Pv=B(v) (8.11)

where B(v) = r + yPv @eﬁned as a vector-valued function (an operator)
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This is a run-on sentence.
End the first sentence after
"denoted by pi," and make
everything after that its own
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This sentence is confusingly
worded. It would probably be
clearer if broken into several
shorter sentences.

>

Clarify that this is the number
of deterministic policies for an
MDP. There are potentially
infinite possible probabilistic
policies.
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applied to the vector argument v. Now the Bellman equation can be solved
iteratively from an arbitrary initial value, such as vy = 0:

Vat1 = B(vy) =1 +9Pv, (8.12)

This iteration will always converge to the root of the equation, the fized point
of function B(v), as it is a contraction mapping first introduced in Section 1.3,

that satisfies:
1B(vi) = B(vj)l| = [[r + vPvi — (r + 7Pv;) [| = 7[[P(vi — v;)|
SAPI [ vi = vl = yllvi = vl <llvi—vyll  (8.13)

That B(v) is a contraction can also be proven by showing the norm of its Jaco-
bian matrix, its derivative with respect to its vector argument v, is smaller than
1. We first find the Jacobian matrix

d
- B =
dv ™) dv

and then find its p-norm with p = oo (equivalent to p = 1, 2), the maximum

Jp (r+~Bv) =~P (8.14)

absolute row sum:
N

[Pyl =~ <1
=1

[N Bllp=cc = ["Pllec = /[Pl = max (8.15)

1<i<N 4
J

The last equality is due to Eq. (8.3), i.e., ||P||c = 1.
In summary, the Bellman equation in Eq. (8.8) can be solved by either of the

two methods in Egs. (8.10) and (8.12), so long as v < 1. W&

pace |S| = N is large, the complexity O(N?) is too hi ®

ethod may be more efficient.
ed on the definit== of MRP, we further define Markov decision process
(MDP) as an MRP w|
m, following the policy the agent takes one of the actions a € A(s) available at
each state s to control the state transition ofthe process. An MDP can therefore
be described by a tuple < S, P, R, A,y >, hich A is the set of all actions.
The policy 7 can be either stochastic denoted by 7w(als) = P(a: = a|s; = s) as

the size of state

hen the iterative

ertain decision-making rule called policy, denoted by

the conditional probability of taking action « in state s, or deterministic denoted
by a = m(s). A policy is soft if any of the actions available at a state is possible

v

"Fixed point" and
"contraction function" have
already been defined, and
should not be italicized.

This explanation would
benefit from a concrete real-
world example to illustrate
the differences between
actions, states, state

|transitions, and policies.

to be taken, i.e., w(als) > 0 for all a € A(s) aad all s € S. In particular, a policy
is e-soft if 7(als) > €/|A(s)| for some small value of e.

As there are |A(s,,)| possible actions to take in state s, € S, the total number
of policies is |A(s1)|- -+ |A(sn)| = IIY_; | A(s,,)|. If the number of available actions
|A| is the same for all | S| states, then the total number of policies is |A|'S].

Following a given policy from an initial state sg will rest@ sequence of state

transitions called a trajectory of the episode:
80&812)82%83“-87“ (816)

of which the state visited at the t-th step denoted by s; can be any of the N

If an action can't be taken at
state s, how is it "available"
at that state? The definition
of "available" needs to be
made explicit.
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It might be better simply to
use different notation for the
t-th state visited.

Clarify that you're referring to
stochastic MDPs.

Rewrite for active voice:
"Along the trajectory of an
episode, an MDP will
accumulate discounted
rewards from all states
visited."

We already know what a
policy is and what an MDP
model is. This sentence is
much clearer if those
definitions are cut: "Our goal
is to find the optimal policy
for a given MDP such that
the v(s0) is maximized."

Overly formal/academic
language. This could be
more directly stated: "There
are two important functions
with respect to a given policy

pi of an MDP."
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states in S = {s1, -+, sy} of the MDP, not to be confused with the t-th state in
S. Note that in an episode some of the states in S may be visited multiple times
while some others may never be visited. Also note that due to the ra nature
of the MDP, following the same policy may not result in Same trajectory.
Along the trajectory of an episode, an ac ation of discounted rewards

from all states visited will be received.“9ur goal is to find the optimal policy as

Define v(s0) before
you state the goal:
"The value v(s0) at
the start state is the
expected value of
the sum of those
accumulated
rewards."

a sequence of actions ag, aj,asg, - for a given MDP model of the environmen

"Planning" has

rialready been
- Jdefined.

maximized. This optimization problem can be solved by thesatéthod of dynamic
programming, and such a process is called planning.

In an MDP, both the next state s’ and reward r a
variables with joint probability p(s’,r|s,a) = P(si41 = 8,141 = 7|8t = 8, ar =
a) conditioned on ction a and the previous state s. The state transition

probability becomeg

sumed to be random

p(s'|s,a) = P(si11 = §'|s¢ = s,a; = a) = Zp(s',r|s,a) (8.17)

reR

and the expected reward r received after arriving at the curre@

r(s,a) = Elri11]s: = s,ar = a] = er(r|s,a) = ZTZp(s',Hs,a) (8.18)

T

Following a specific random policy 7(a|s), the agent takes an action a € A(s) to
transit from the current state s; = s to the next state s;11 = s’ with probability

pr(s']s) = P(sip1 = &'|si =s) = D> m(als) p(s']s,a) (8.19)
a€A(s)
satisfying Y., Pr(s’|s) = 1 and the reward in state s:
re(s) = Exlrigi]se = s] = Z m(als) r(s,a) (8.20)

acA(s)

where E; denotes th@pectation with respect to a certain policy 7(als). The
summation over all available actions a € A(s) in state s will be abbreviated to
a in the following.

We further define two important functions with respect to a given policy 7 of

an MDP:

e The state value function v,(s) is the expected return at each state s of the

This sentence would be
clearer if broken into several
smaller sentences.

— MDP while following policy 7, similar to the value function of an MRP as
v(s) in Eq. (8.8), but now treated as a function of action a as well as state
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= ZT{'(&|S) (r(s, a) + ’yZP(S’|S, a) vw(s’)>

s’

= m(als) gr(s, a) (8.21)

where ¢ (s,a) is defined below.

e The state-action value=Eqnction ¢-(s,a) is the expected return of taking a
specific action a (irnt to policy 7) in state s, and then following 7 in
all subsequent states:

Gr(8,a) = E; [G¢lsy = s, a4 = a

=r(s,a) + 72P(s’|s, a) va(s')

s’/

=r(s,a)+ 72P(s’|s, a) Zﬂ(a’|s’) q-(s',a"))  (8.22)

s’ a’

where v, (s') is recursively represented as a weighted sum of ¢, (s, a") based
on Eq. (8.21).

"Greedy" has already been

The state-action e ¢r(s,a) plays a more important role than v, (s) as it defined.

allows the freedom of taking an n independent of a given policy 7, thereby
licy, e.g., by taking a greedy

action to maximize the value ¢ (s, a). E- state-action va

allowing the opportunity to improve an existi
nction ¢ (s, a)
is often abbreviated as the action valul e (Q-value for convenience I

discussions. Sometimes you hyphenate
i i i V— "state-action" and sometimes
As a function of the -action pair (s, a), the state action value ¢, (s,a) can you don't. Either is fine, but it

be represented as a ta | S| rows each for one of the states s, and |A| columns |should be consistent.

each for one of the actions a. The Q-value for each state-action pair stored in the
table can be updated iteratively by various algorithms for learning the Q-values.

In particular, if the policy is deterministic with 7(a|s) = 1 and a = 7 (s), then
we have

P.(s'|s) = P(s|s, a), r(s) =r(s,a) (8.23)

and the Bellman equations in Eqs. (8.21) and (8.22) become the same:

vx(s) =7r(s,a +72P "Is,a) vr(s') = qr(s,7(s)) (8.24)

@me as the Be equation of an MRP in Eq. (8.8), and can be solved itera-
tively if v < 1, @las in Eq. (8.12).
The figure above illustrates the Bellman equations in Eqs. (8.21) and (8.22),
showing the bootstrapping of the state value function in the dashed box on th
left, and that of the action value function in dashed box on the right. Speciﬁcall@‘
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This description of

bootstrapping method and
others aren't. Defining

used will clear this up.

bootstrapping when it's first taki

"bootstrapping” doesn't make _\

it clear why this method is a

here the word bootstrapping means the iterative method that updates the esti-
mateds=lue at a state s based on the estimated value of the next state s’. After
E- of the actions a € A(s) available in state s based on policy 7(als), an

immediate reward r(s, a) is received. However, which state the MDP will transit

This sentence is confusing.
The point you're trying to
make is that once the policy
has decided on an action,
there's still uncertainty about
the next state, but that's not
immediately clear from the

into as the next state s’ is random deng on P(s'|s,a) of the environment
> but independent of the policy. This un
dashed circle called a chance node associated with the action value ¢, (s, a) as the

Anty is represented graphically by a

sum of the immediate reward 7(s,a) and the expected value of the next state,
the weighted average of values v(s’) of all possible state s’ € S.

"Of the environment" doesn't

language.

add much information and

83  Model-Based Planning makes the sentence harder

Given a complete MDP model in terms of p(s’,7|s,a) of the environment, the
goal of model-based planning is to find the optimal policy 7* that achieves the
maximum value:

v*(s) = maxvg(s), 7" (s) = argmaxuv.(s) > 7  Vr (8.25)

based on the partial order that compares different policies according to the cor-
responding values:

If Uy (8) = Uny(8) > - v v (8), Vse€S
Then M > Ty > > W (8.26)

The problem of policy optimization can be addressed based on two subproblems:
policy evaluation| easure how good a policy is, and policy improvement to

Why do you define |S| as a

. .. . . separate variable N, when
One way to solve this optimization problem is to us e-force sedyoy don't define A as a

enumerate all |A(s)| p==ilable policies at each of the N = |S| states s € S|separate variable?

get a better poli r higher values.

assume the numbers ilable actions in all states are the same for simplicity,
ie, A(s1) = -+ = A(sy) = A, then the computational complexity of this
method is O(|A|!®1), likely to be too high for such a brute-force search to be
practical if IV is large.

A more efficient and therefore more practical way to optimize the policy is to do
it iteratively. Consider a simpler task of improving upon an existing deterministic

"Greedy" has already been
defined.

policy 7 at a single transition step from the current state s to a next state s'.
Mg the action a = 7(s) dictated by the policy, we can improve
it by taking tle greedy action that maximizes the action value function in Eq.

(8.22), while subsequent steps still follow the old policy 7. Now we get a new
policy:

7' (s) = argmax ¢ (s,a) = argmax |r(s,a) + VZ P(s'|s,a)v(s") (8.27)

s/
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so that the action value is higher than that of the old one:

(7 (5)) = max o (5, ) = max | r(s.a) +7 3 P/l am(s')] > gu(s.7(5)) = v (9)
| (8.28)
where the last equality is due to Eq. (8.24) for a deterministic policy.
While it is obvious that this greedy method will result in a higher return for
the single state transition from s to s’, we can further prove the following policy
improvement theorem stating that following this greedy metho@ 1l subsequent
1 the those of

states, we will get a new policy 7’ that achieves higher values
the old one 7 at all states:

Vs (8) > vr(s), Vs e S (8.29)

The proof @y recursively applying the greedy method to replace the old
policy 7(s) by the new one 7’/(s) for a higher value for each of the subsequent
steps one at a time:

v (8) < gn(s,7(5)) = mgxqw(s, a) = max lr(s, a) + 72P(s’|s, a)vw(s')]

s’

=r(s,7'(s)) +7 ) P(s|s, 7 (5))on(s))

<r(s,7'(s)) +~ Z P(s'|s,7'(s)) max qr(s',a")

=r(s,7'(s)) +7 ) P(s|s. 7' (s)) [T(S', () + Y P(s"ls, W'(S'))UW(S”)]

s

= (s, m'(5) + (s, 7 (s) + 7 ) P(s'|s, ' (s))

v P8 (8o (S”)]

s

=1r(s,7'(s) +yr(s', 7 (s) + *r(s”, 7' (s") + - -
= v (8) (8.30)
ie., 7' (s) > m(s).
The optimal state value v*(s) and action value ¢* (s, a) can therefore be achieved

by replacing the weighted average over all possible actions at each state (s and
') in the Bellman equations in Egs. (8.21) and (8.22) by their maximum:

v(s) = méin*(S, a) = max (r(s, a) + 72P(s’|5, a)v*(s')) (8.31)

and
q*(s,a) =r(s,a) + VZ P(s'|s,a)v*(s") = r(s,a) + VZ P(s'|s,a) max ¢* (s, a’)

s’ s’

(8.32)
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Eqgs. (8.31) and (8.32) are the Bellman optimality equations, which should hold

for all N states in S = {s1,---,sn} and can be written in vector form:
v = max (r, + YP,v") (8.33)
where
v*(s1) r(s1,a) P(s1]s1,a) -+  P(sy|s1,a)
v = s re, = ; P, = .
v*(sn) r(sy,a) P(s1|sn,a) -+ P(sn|sn,a)
(8.34)
This nonlinear equation system can be solved iterati o for v*:
Vi = max (rq +7Povy) = B(vy) (8.35)

as function

This iterati@ to be used for policy evaluation in the algorith E e iteration
below for finding the optimal policy. This iteration will convelgs
B(v) is a contraction mapping with v < 1:

1B(vi) = B(vj)ll = l|max (ra; +7Pa,vi) = max (ra, +7Pa; ;) |
< [Jmax (vo; +7Pa; Vi —Ya; —7Pa,vj) ||
= maxy|[Po, (vi = v;)[| < maxy|[Pq,[| [|vi — ;]
=7llvi = vjll < lvi = vjll (8.36)

where ||P|| = ||P|| = 1 is the p-norm (p = c0) of a stochastic matrix, which is
known to be 1.

Given the complete information of the MDP model in terms of p(s’,r|s, a), we
can find the optimal policy 7* using either policy iteration (PI) or value iteration
(VI) based on the DP method.

e Policy Iteration
Carry out the following two processes iteratively from some arbibrary
initial policy 7 until convergence when 7 no longer changes:
— Policy evaluation:
Given a deterministic policy 7, Eq. (8.21) becomes the Bellman equa-
tion in Eq. (8.24), a linear equation system of N = |S| equations of

N unknowns v, (s1), - ,v(sn), which can be solved iteratively as
in Eq. (8.12) to find values at all states:
Unt1(s) = (s, m(s)) + 720 P(s'ls, w(s))vr (s) Vse S

— Policy improvement:
Given v, (s) based on policy 7, get a better policy 7’ by the greedy
method as in Eq. (8.27):
m'(s) = argmax, [r(s,a) +v Y, P(s'|s,7(s))vx(s")] Vs e S
We see that in each round of the policy iteration, two intertwined and
interacting processes, the policy evaluation and policy improvement, are
carried out alternatively, one depending on the other, and one completing
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before the other starts. The value functions v, (s) at all states are sysmeti-
caly evaluated before they are ud, and the policy 7(als) at all states is
updated before it is evaluated. Ve these two processes chase each other
as moving target iteratively and eventually converge to the optimal policy
7" achieving the optimal value v*. This approach is said to be synchronous,
as shown here:

E I E I I E
To — Vg —> ML —> Uy —F =10 —> T —> Upr = 0 (8.37)

The pseudo code for the algorithm is listed below:
Initialize:
v(s) € R, v(s) =0 if s is terminal node, m(s) € A(s), Vs € S;
Set tolerence tol (small positive value);
repeat
Policy Evaluation (find v(s) Vs € S):
repeat
=0
for Vs € S:
v'(s) =r(s,m(s))+y 2y P(s]s,m(s))v(s)
0 = max(J, |u(s) — v'(s)|)

@L until ¢ < tol
icy Improvement (by taking greedy action):
Done =T
for each s € §
7' (s) = argmax, [r(s,a) + v, P(s'|s,7(s))v(s")]
if 7'(s) # w(s), Done=F
end for
until done

e Value Iteration:

This sentence is overly long

and awkwardly worded. N\ One drawback of the policy iteration method is the high computational

Everything after the first complexity of the inner iteration for policy evaluation insi Q e outer it-
“inner iteration” can be cut, eration for policy evaluation. To speed up this process, we 1 terminate
and it will make the sentence

clearer the inner iteration early before convergence. In the extreme case, we simpl
combine policy evaluation and improvement into a single step, resulting @
the following value iteration contains two steps:

— Find the optimal values:

Based on some initial value vg(s), solve the Bellman optimality equa-
tion in Eq. (8.31) by iteration in Eq. (8.35):

s’

Upt1(s) = max r(s,a) + 'yz P(s']s, a)vn(s’)] Vse S (8.38)

— Find the optimal policy:
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"Control" is a modifier for
"problem"—this should be,
"In this model-free problem,
called a control problem..."
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Find 7*(s) that maximizes v*(s):

7*(s) = argmax |r(s,a) + 72 P(s'|s, a)v,(s") Vs e S (8.39)
Here is the pseudo code for the algorithm:
Initialize: v(s) =0 Vs € S
repeat
6 =0;
for each s € S
V'(s) = max, [r(s,a) + 7>, P(s']s,a)v(s’)]
d = max(0, [v'(s) — v(s)|)
v(s) =v'(s)
end for
until § < tol
7*(s) = argmax, [r(s,a) +v >, P(s'|s,a)v(s")]

In the PI method considered above, the value functions at all states are eval-

uated before the policy is updated for all states, as illustrated below: < |
This synchronous policy iteration can be modified so that the values at some

If this is referring to
a figure, name the
figure explicitly.

or even one of the states are evaluated in-place before other state values are
updated, and the policy at some or even one of the states are updated in-place
before that at other states, resulting in an asynchronous method called general
policy iteration (GPI), to be discussed in detail in the next sections on model-free

control. <&—

Since this section
immediately follows, there's
no need to state what's goin
to be discussed in it.

g

Model-Free Evaluation and Control

The previously discussed dynamic programming methods find the optimal policy
based on the assumption that the MDP model of the environment is completely
available, i.e., the dynamics of MDP in terms of its state transitionreward
mechanism are known. A given policy 7 can then be evaluated basd—=e tran-

sition probabilities p(s'|s,a), and improved based on greedy action selection at

each state. Such a model-based optimization problem, called planning, involves
no learning of the environment.

Now—wecaonsider the optimization problem with an unknown MDP model of

"Planning" has
already been
defined.

This sentence is long. It
would be clearer if broken
into several shorter
sentences.

[N

the environment. In this model-free problem, called control, t Q ate transition
and reward probabilities of the MDP model are unknown, tl hlue functions
can no longer be calculated directly based on Egs. (8.21) and (8.22) as in model-
based planning. Instead,

we need to learn the MDP model by sampling
the environment, i.e., by repeatedly running a large number of episodes of the
stochastic process of the environment while following some given policy, and

estimate the value functions as the average of the actu chrns received during
s Monte Carlo (MC)

the sampling process. This method is generally referre
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method. At the same time, the given policy can also be improved to gradually
approach optimality.

This approach is called general policy iteration ( GPI@ illustrated in Eq.
(8.40) below, similar to the policy iteration (PI) algorithm for model-based plan-
in Eq. (8.37). In general, all model-free control algorithms are

which the two alternating processes of policy evaluation and

ning illustr
based on G
policy imprvement are carried out iteratively. This GPI can also be similarly

illustrated in Fig. 7?7 for the GI. <

I

E I E I E
To = Gmg —> T — Gy —> " =T — = =0 (8.40)

While GPT and GI illustrated in respectively in Eqs. (8.40) and (8.37) Rnay

@ok similar to each other, there are some essential differences between the two,

It's probably not necessary to
list this in bullet format.

—

listed below.

e First, in model-free control the policy improvement is based on the action-
value function ¢, (s, a), instead of the stalue function v, (s) in model
based planning. This is because without=e a specific MDP model the
state value function can no longer be calculated, while the action value
function can still be estimated based on the actual rewards received whil
sampling the enviz=_ment. Similar to how we improve the policy by taking

a greedy action t ive a higher state value in model-based planning, here

we improve the policy by taking an action different from that dictated by

the given policy 7 to achii\@aigher action value based on some e-greedy

method, as discussed belo

e Second, as estimating the action va Q y the MC method requires running

a large number of episodes whilt=—-e sampling of the environment, the

computational complexity for policy evaluation in the model-free case is
much higher than that in model-based planning. To speed up this process in
model-free control, the iterative policy evaluation is no longer fully carried
for it to converge to the true action value of the policy. Instead, in model-
free control, the iterative update of the action value is carried out only
once, followed immediately by the next phase of policy improvement. Such
an estimated action value is innevitably very noisy, but due to the much
reduced complexity, we can afford to run a large number of sample episodes
while sampling the envirionment.

e Third, in the PI process of model-based planning, the action value is found
based on all available actions at each state (Eq. (8.22)) during policy eval-
uation, and we only need to exploit the greedy action at each state to find
the policy that achieves the maxi pction value ¢ (s) (Eq. (8.27)) dur-
ing policy improvement. Howeve in model-free control, we have t

n of action a € A(s) as well

n estimated action value based
only on some partial sample data is inevitably noisy, especially in the early

learn the action value ¢(s,a), as a fu
state s by sampling the environment. S

Based on context, | think that
"GI" refers to policy iteration,
but previously that's been
referred to as "PI"; Gl has
never been defined.

The reference to the
equations is awkward and
makes the sentence hard to
parse. Since both equations
are relatively recent, it's
probably fine to leave out the
reference entirely.

"Action-value" is sometimes
hyphenated and sometimes
not. Either is fine, but it
should be consistent.
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stage of learning when many of the states have not yet been visited yet. We
therefore need to explore all actions at each state to better learn the value
This sentence is very long. It _\l function, as well as to exploit the greedy action to improve the policy.

would be clearer if broken
into several shorter
sentences.

This issue of exploration versus exploitation can be addressed by the e-greedy

method to make a proper trade-off between the exploitation of the greedy action
and the exploration of other non-greedy actions, so that the agent can be exposed
to all possible state-action pairs and gradually learn the action value function

its difficult to keep track of while at the same time also improve J bolicy being followed. In this method,

which probability goes with \ we define € € [0, 1] as the probabili
which action. a € |A(S)] out of all actions available in state s, each with an equal probability

explore any randomly chosen action

e/|A(s)|, and 1 — € is the probability of taking the greedy action as one of the
|A(s)| actions, with probability 1 — € + /| A(s)].

(als) = { argmax, q(s,a) Pr=1—¢e+¢/|A(s)] (8.41)

[3/6is 172. | any a € A(s)  Pr=e¢/|A(s)|

For example; 1 =4 and € = 2/3, the greedy action may be chosen with
probability 1 — e+ ¢/|A(s)| = 3/6, while each of the remaining three non-greedy
actions may be chosen with probability ¢/|A(s)| = 1/6. Such a policy describz@

It's not clear before this that the behavior of the agent, and is therefore called behavior policy, different fro
sigma can change ho Holicy being followed.

throughout the algorithm. e further note that a larger value of € (close to 1) can be used to emphasize
Having a sentence to . . . . .
establish that first will make exploration at the early stage of the iteration when many state-action pairs have
this part easier to not been picited yet, while progressively smaller € values (approaching to 0) can
understand. be used phasize exploitation for higher values in the later stage of the

iteration when the action value function has been more reliably learned. For
example, we can let ¢, = 1/k be inversely proportional to the current number of
iterl-:s k, so that the larger € values at the early stage of the iteration allow

E e-action pairs to be explored, while smaller e values@e later stage of
the iteration encourage exploitation of the greedy actions. e limit £k — oo
and ¢ — 0, the e-greedy method approaches absolute greedy method.

Similar to how we proved the policy improvement theorem in Eq. (8.30) stating
that the greedy policy 7'(s) achieves state value v,/(s) no lower than v,(s)
achieved by the original policy =, i.e., 7/(s) > m(s), here we can also prove the
same policy improvement theorem stating that the e-greedy policy 7’ achieves
action value ¢,/ (s,a) no lower than ¢ (s,a) by the original policy :

ar(s,7'(s)) = Y 7' (als)gx(s,0)

mo:.

= D e, @) + (1~ ) maxga(s,a)

|A(s)]
€ m(als) — €/|A(s)]
> ()| za:qw(s,a) +(1—¢) za: - q= (5, a8.42)

where the inequality is due to the fact that the maximum value of ¢, (s, a) is no
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less than the average of action values ¢ (s, a) over all a € A(s) weighted by some
normalized coefficients adding up to 1:

mlals) = /A _ L5 (g £ )= Lo g =
Z 1—¢ _162((|) |A(S)|) 176(1 ) 1(8.43)

a

Continuing the equation above we further get

ax(5,7'(5)) 2 T ;ww ~ A ;ms,a) + ;ﬂaw)qﬂ(s,a)
= wlals)ax(s,a) = vx(s) (8.44)

|Specify the figure by number.

he iterative p s of the GPI method for model-free control is illustrated

in the figure belo milar to the PI method for model-based planning based

planning illustrated in Fig. ??, but with the state value v, (s) replaced by the
action value ¢, (s, a), and the greedy method replaced by e-greedy method.

Also, here the estimated action value ¢ is obtained with only one iteration for

policy evaluation, instead of a much more accurate estimate that could otherwise

| don't understand what this

be obtained if the iterative evaluation was fully carried out to its convergence (V sentence is saying.
18

top line). At the same the time, based on the estimated ¢ policy improvemen
carried out by the e-greedy method (the bottom line).

The main task in model-free control is to evaluate the state and action-value
functions given in Eqgs. (8.21) and (8.22) while following a given policy = without
a specific MDP model. This is done by sampling of the dynamic process of the
environment, and then estimating the value functions as the average of the actual
returns received by the agent. Specifically, we run a large number of episodes (all
assumed to terminate) of the MDP model of the environment by taking actions
a; = 7(s¢) in each state s, (t=1,---,T):

So — (a1,7‘1,81) — (GQ,TQ,SQ) — = (aT,rT,sT) (845)

and estimate the value functions based on the averaged returns G; actually
received from these episodes.

Such a sequence of states visited is calltmjectory, and the trajectories of
different episodes are in general different #2=J each another due to the random

ature of the environment. In the following sections we will consider specific
lgoithms for the implementation of the general model-free control discussed
above.

To prepare for specific discussion of the GPI methods, we first consider a gen-
eral problem of the estimation of the value of a random E ble x as the running
average of its samples beging collected in real time. Spercrcally the average .,
based on previous n samples x1, - - - , x, is updated incrementally upon receiving

"Trajectory" has already

been defined.
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"Stochastic gradient descent"
has already been defined.

Introduction to Reinforcement Learning

a new sample x,,1:

T, 1 n
Tpy1 = ol ;xz T <$n+1 +;$z>
1 R . . 1 B R
= n—H(aan + niy) = &, + n—H(Jan — &) (8.46)
This running average can be generalized to
Fng1 = Tn + @(@py1 — Tn) (8.47)

This equation can be interpreted as

newEstimate = oldEstimate + stepSize x (target — oldEstimate)
= oldEstimate + stepSize x error

= oldEstimate + increment (8.48)

and considered as one iterative step in the method of stochastic gradient descent
(SGD), for minimizing the squared error € = (2,41 — 2 )?/2 between the old av-
erage &, and the latest sample x,, 11, and the second term is the gradient de/dz,,

This makes it sound like
similar things happen when
alpha is large and small.

w@ued by the step size @ € [0, 1], which controls how samples are weighted
d

8.4.1

ntly. In the extreme case when o« = 1, ,, = x,, with no contribution from
Mes; on the other hand when « is close to 0, Z,, the most
recent samples has’ little contribution. We can therefore properly adjust a to

fit our specific need. For exa if we gradually reduce «, then the estimated
average will become stabilized e enough samples have been collected. On the
other hand, if we let 0 < o < 1/(n + 1), tha=more recent samples are weighted
more heavily than the earlier ones. Such tigy is suitable when estimating
parameters of a nonstationary system, such as an MDP with varying behaviors
the policy is being modified continuously.

‘@‘eciﬁcaﬂy in model-free control Eq. (8.47) can be used to iteratively update
the estimated val nctions while sampling the environment. Both the state
and action values the expected return are estimated as the average of all
previous sample returns, and they are updated incrementally when a new sample
return G,,41, the target, becomes available:

Un+1(8) <= vn(s) + a(Gn — vn(s))
QnJrl(Sv a’) < Qn(sv Q) + a(Gn - Qn(sv a)) (849)

as we will see in the following sections.

Monte Carlo (MC) Algorithms

We first consider a simple problem of evaluating an existing policy 7 in terms of
its value function v,(s) = E[G; ] at state s = s¢, the expectation of return Gy,

N

"The expectation of return Gt"
makes this sentence hard to
follow. Cut it or reword the
sentence into two shorter
sentences for more clarity.
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which can be obtained in the model-based case by the Bellman equation in Eq.
(8.24):

vr(s) = r(s,m(s)) +7 D p(s'|s,7(s))va(s") (8.50)

based on v, (s") of all possible next states each weighted by the corresponding
transition probability p(s’|s, a), which is no Q r available now in the model-free

case. We can still find the value function

op=tke MC method by running
multiple sample episodes in the environment, and E ate v, (s) as the average
of the actual returns Gy, which in turn can be calculated as the sum of discounted
rewards r¢y1,--- ,7p from the current state s = s; onward to the terminal state
st, found at the end of the episode (assumed to have finite horizon).

This method has two versions, first-visit and every-visit, depending on whether
only the first or every visit to a state in the trajectory of an episode is counted
in calculation of the return. The pseudo code below is for first-visit version due

to the if statement, which can be removed for the every-visit version.

Input: a given policy 7 to be evaluated
Initialize: Gy = [ | (empty lists) for all t =0,--- , T — 1
loop (for each episode)

This sentence is hard to

is. Consider cutting into
several shorter sentences.

follow because of how long it

run episode to the end while following 7 to get sample data: (sg, ao,71), (S1,a1,72),+ , (S7—1,07-1,7
G=0
fort=T7—-1,T —2,---,0 (for each step)

G =79G + 1141

if St Q_ﬁ {So, s ,Stfl} (ﬁI‘St ViSit)
Gy = [Gt,G] (append G to list Gy)
V(S:) = average(Gy), ¥t =0, ,--- | T —1

In the every-visit case, all sample returns G; from multiple visits to state s;
are used, although they may be correlated and not independent of each other,
i.e., they are not necessarily i.i.d. samples and their average may be biased.
This problem can be avoided in the first-visit case, where only the returns of

The text runs into the margin
and off the page.

the first visit to each state are counted as independent samples drawn from the
same distribution, and their average is not biased. However, as only a fraction
of the sample points collected is used in the calculation of the returns, the cost
of this unbiased estimation is its high variance, which can be reduced only if a
large number of episodes are used to get enough samples for a more statistically
reliable average. This is the typical trade-off between variance and bias errors.

I e code above, the function average finds the average of all elements of
a 1i@nly when all sample returns are available at the end of each episode. A
more computationally efficient method (in terms of both space and complexity)
is to find the average incrementally as in Eq. (8.49). Based on this incremental
average, policy evaluation in terms of both the state and action values can also
be carried out by the code below:

Initialize v(s) =0, Vs

This makes it sound like
we're deciding to designate
the first visits as i.i.d., when
in fact the first visits are
inherently i.i.d., which is why
the method works. This
section might also benefit
from an explanation of why
the first visits are i.i.d.
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loop (for each episode)
run episode following 7 to get Gy, Vi
fort=0,---,7 — 1 (for each step)
if s; is visited the first time
v(st) = v(st) + a(Gy — v(st))

and

Initialize: q(s,a) = 0, Y(s,a)
loop (for each episode)
run episode following 7 to get Gy, Vi
for all (s,a) pairs visited
if (s, a) is visited the first time
a(s,a) = a(s,a) + a(Gy — (s, a))

The if condition can be removed for every-visit version of the algorithm.

We next consider the MC algorithm for model-free control, based on the gener-
alized policy ieration of alternating and interacting policy evaluation and policy
improvementciﬁcally, while sampling the environment by following an exist-
ing policy 7 the action value ¢ (s), instead of the state value v, (s), is gradually
learned and the policy is gradually improved at the same time. This iteration

will converge to the optimal policy at the limit when the number of iterations
goes to infinity.
The pseudo code for this ithm is listed below.

Input: € > 0, @ > 0, and a policy m
Initialize: q(s,a) = 0, Y(s,a), m = € — soft (arbitrarily)
loop (for each episode)
run episode following 7 to get Go, -+ ,Gr—1
fort=0,---,T—1
if (s, ay) is visited the first time
q(st,at) = q(se, ar) + a(Gr — q(st, ar))
a* = argmax, q(St, at)
for Va € A(s:)
1—e+e/|A(st)| ifa=a*
mlalse) = { e/|A(st)] else

Here the e-greedy policy m(als) is bas action value function ¢(s,a) (maxi-
mized by the greedy action). Through out the iteration, the policy is modified
following the action value function, while at the same time the action value func-
tion is modified based on the policy, until the process converges to the desired
optimality.

We note that the optimal policy 7(s) obtained by the algorithm above is not
completely deterministic due to the e-greedy approach, but it is said to be near-
deterministic as the greedy action is favored over other non-greedy actions. \

| talicize "near-deterministic."
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Temporal Difference (TD) Algorithms

The temporal difference (TD) method is a combinaion of the MC method con-
sidered above and the bootstrapping DP method based on the Bellman equation.
The main difference between the TD and MC methods is the target, the return
G, in the incremental average in Eq. (8.49) for estimating either the state or
action value functions. While in the MC method the target is the actual return
G calculated at the end of the episode when all subse
are available, here in the TD meth=—'#he target, call D target, is the sum of
the immediate reward r;y; and th

next state:

t rewards 7441, -+, 7T

pviouosly estimated value v, (s¢41) at the

Gt =111+ 0r (St41) (8.51)

functions being estimated and the policy being improved at every step of an
episode, instead of at the end of the episode as in the MC method. Also, it can
be used even if the dynamic process of the environment is non-episodic with
infinite horizon.

Again, we first consider the simpler problem of policy evaluation. As in the
MC method, we estimate the value function v,(s) as the average of the actual
returns G found by running multiple episodes while sampling the environment.
Substituting this TD target into the running average in Eq. (8.49) for the value
function above, we get

e (8) <= vr(8) + (G — vr($))

= 0:(8) + a(r + Y (s") — v(8)) = vr(s) + b (8.52)

This is a "garden path"
sentence—its grammar is
ambiguous, leading the reader
to think that it's going to say
something other than itis. In
this case, it makes it sound
like the "updates" is a noun,
when actually it's a verb. It can
be fixed by rewording: "The
TD method is an in-place
bootstrapping method. It
makes more efficient use of
the sample data, and it
updates the estimates of the
value functions and policy at
every step of an episode,
instead of at the end of the
episode as in the MC method."

where ¢, called the TD error, is the difference between the TD target and the
previous estimate:

6Ef' —vx(8) =1+ qvr(8') — v (s) (8.53
and v, (s') is the currenestimatee of the value of the next state (bootstrapping).

can be shown that the iteration of this TD method converges to the true value
vz (8), if the step size is small enough.

Here is the pseudo code for policy evaluation using the TD method, based on
parameters vy and o

Input: a given policy 7 to be evaluated
Initialize: v(s) for all s € S arbitrarily, v(s) = 0 for terminal state s, a € (0, 1]
loop (for each episode)
S = S0
while s is not terminal (for each step)
take action a = 7(s), get reward r and next state s’
v(s) = v(s) +afr +yv(s’) —v(s)]
s=4¢

The parenthetical isn't doing
much here. If readers already
have a deep understanding of
bootstrapping, they'll likely
already recognize what's
happening; if they don't, it
doesn't shed much light on
the concept of bootstrapping

or of temporal difference.
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@s the TD algorithm updates the value function at every step of the episode,
it uses the sample data more frequently and efficiently, and therefore has lower
variance error than the CM method that updates the estimated value function
at the end of each episode. On the other hand, the TD method may be biased
when compared to the first-visit MC method, due to the arbitrary initialization
of the value functions.

Based on the TD method for model-free policy evaluation, we now further
consider=4 TD method for model-free control to gradually learn the optimal
dading the Q-values of all state-action pairs (s, a) estimated iter-

atively as the running average of the sample Q-values at each time step of an

policy H

episode while sampling the environment.

The Q-values for all state-action pairs can be stored in a state-action table
which is iteratively updated by running many episodes of the unknown MDP
by the TD method to gradually approach the maximum Q-values achievable by
taking each action at each state, i.e., the optimal action is the one with the
highest Q-value.

This method has
the Q-value by following the current policy such & an e-greedy policy, and the
off-policy algorithm, which updates the Q-value b ing actions different from
the current poli@;ch as the greedy action. In pa Q[lar, if the policy currently
being followed is greedy (instead of e-greedy), the two algorithms are the same.

e on-policy algorithm, which updates

e State-Action-Reward-State-Action (SARSA)
The Q-value ¢(s,a) of each state-action pair (s,a) is estimated as the
running average of the return G, the sum of the immmediate reward r and
the action value ¢(s’,a’) of the next state based on action a’ dictated by

the current policy (e.g.,e-greedy):

q(s,a) < q(s,a) + (G = q(s, a))
= q(s,a) +o(r +yq(s',a') — q(s, a)) (8.54)

This algorithm is called SARSA, as it updates the Q-value based on the
current state s and action a, the immediate reward r, and the next state
s’ and action a’. The pseudo code of SARSA algorithm is listed below.
Initialize: ¢(s,a) = 0 for all (s,a), @ € (0, 1], € > 0, denote e-greedy policy

pi(als) by

loop (for each episode)

S = S0

get action a according to 7 based on ¢(s, a)

while s is not terminal (for each step)
take action a, get reward r and next state s’
get action o’ according to 7 based on ¢(s’, a)
a(s,a) = a(s,a) + afr +va(s', ') — q(s, )]
s=s,a=d
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Qs a variation of SARSA, the expected SARSA updates the Q-value at
state s based on the expected Q-value of the next state s’, the weighted
average of the Q-values resulting from all possible actions, instead of only
one action. Consequently, the estimated Q-values by the expected SARSA
have lower variance than SARSA, and a higher learning rate o can be used
to speed up the learning process.

q(s,a) = q(s,a) + a (T +v Y m(als)a(s’,a) — qs, a)) (8.55)

e Q-Learning

Same as SARSA, the Q-learning algorithm also estimates the Q-value
q(s,a) of each st ction pair (s,a) as the running average of the return
G, the sum of t mmediate reward r and the action value ¢(s’,a’) of
the next state based on the greedy action a’ that maximizes the next state
value ¢(s', d’), di@nt from that dictated by the current policy.

q(s,a) < q(s,a) + a(r + VII}IE}XQ(SI, a') —q(s,a)) (8.56)

The pseudo code of SARSA algorithm is listed below.
Initialize: ¢(s,a) Vs € S, Va € A(s) arbitrarily (¢(s,a) = 0 for terminal s),
a€(0,1],e>0
loop (for each episode)
Initialize state s
while s is not terminal (for each step)
take action a according to 7 based on ¢(s,a), get reward
r and next state s’
q(s,a) = q(s,a) + afr + ymax, q(s’,a) — Q(s,a)]
s=s

Here is the comparison of the MC and TD methods in terms of their pros and

cons:

e The MC method estimates the state value v, (s¢), the expected return, by the

true return G; obtained at the end of the episode, i.e., the estimated value
is updated once every episode;

The TD method estimates v, (s:) as the sum of the immediate reward
rty1 and the estimated state value at the next state v.(s), i.e., it is a
bootstrap method, and the estimated value is updated at every step of
every spisode.

e MC can only learn episodic (terminating) environments with complete episodes;

while TD can learn continuing (non-terminating) environ@)f incomplete
episodes.
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e MC estimates v, (st@based on sample returns Gy, and it is unbiased, while
TD uses the bootstrap approach to find the TD target based on sample
data that are not necessa Q
guess of the value functiort—

i.d., and it is more sensitive to the initial

is more biased.

e MC is based on the sample returns G; affected by many random events (state
transitions, actions, and rewards), and in particular the first-visit version
of the MC method only makes use of the sample data from the first visit
of a state, it does not use the available data efficiently and it has high
variance, while on the other hand the TD method is based on only one
random variable, the estimated return, and it makes more frequent and
efficient use of the sample data, it has lower variance.

e In the MC method, especially the first-visit version of it, the estimated value
functions is unbiased; on the other hand, as the TD method is based on
the bootstrap strategy and relies more strongly on the initial guess of the
value functions being estimate@ tends to be more biased.

Here is a summary of the dynamic programming (DP) method for model-
based planning, and the Monte-Carlo (MC) and time difference (TD) methods
for model-free control:

8.4.3 TD(A) Algorithm

The MC and TD methods considered previously can be unified by the n-step
TD(A) method that spans a spectrum of which the MC and TD methods are
two special cases at the opposite extremes.

Recall that both MC and TD algorithms updates iteratively the value functions
being estimated and the policy being improved based on Eq. (8.49), but they
estimate the target G: in the equation differently. In an MC algorithm, the
target is the actual return Gy = 7441 + Yrege + -+ + ~T=t=1pr, the sum of
discounted rewards of all future steps upto the terminal state s, available only
at the end of each episode. On the other hand, in a TD algorithm, the target
is Gt = rep1 + yur(s)t + 1) the sum of the immeidate reward r;11 available
at each step of the episode, and the discounted value of the next state, based
on bootstrapping. We therefore see that an MC algorithm updates the value
functions and policy once every episode, while a TD algorithm updates once
every step in the spisode.

As a trade-off between the MC and TD methods, the n-step TD algorithm can
be considered a generalization of the TD method, where the target in Eq. (8.49)
is an n-step return, the sum of the discounted rewards in the n subsequent states
and the discounted value function at the following state s;y, with 1 <n < oc:

Gitin = Tep1 T T2+ + " Tegn + 7" 0r (S14n) (8.57)

@Cially, when
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e n = 1: the 1-step return is the sum of the immediate reward and the estimated
value of the next state, the same as the TD target in the TD method:

Gt:t+1 = Tt+1 + ")/’U(StJrl) (858)

e n =T —t: the=step return is the sum of the discounted rewards from all
future stat to the terminal state at the end of the episode, i.e., it is the
return r; defined in Eq. (8.7), the same as in the MC method:

Giritn = Tie1 + T2 + Vs + -+ e + Ur(St4n) = Gt (8.59)

where the value function of the terminal state v, (si4n) = vr(s7) = 0 is
7ero.

o T —t < n < oo: All states s,, beyond the terminal state sy with n > T — ¢
remain the same as the terminal state with value v(sr) = 0 and return Gy,
same as in the MC method.

@Ne see that all these n-step returns form a spectrum with the MC and TD
methods at the two ends.

Based on these n-step returns of different n values, the n-step TD algorithm
can be further generalized to a more computationally advantageous and therefore
more useful algorithm called TD(\), by which the MC and TD algorithms are
again unified as two special cases at the opposite ends of a spectrum.

We first define the A-return G7 as the weighted average of all n-step returns
form=1,2,---, 00:

G =(1=X)> XN"'GCrayn (8.60)
n=1

where 0 < A < 1. Note that the weights decay exponentially, and they are
normalized due to the coefficient 1 — A:

oo

(17/\)2/\”‘1:(17/\)%/\”:%:1 (8.61)
n=0

n=1

The A-return G} defined above can be expressed in two summations, :ﬁhe sum

of the first T'— ¢t — 1 n-step returns Gr.¢41,- -+, Gre4r—1, and the sum of all
subsequent n-step returns Gy.p = -+ = Gr.oo = Gy
T—t—1 00
Gy =(1-2) Z N Grpgn + (1= 2) Z G
n=1 n=T—t
T—t—1
=(1=A) > XN"'Crun + NG, (0<EST)  (8.62)
n=1

where the coefficient of G; in the second term is the sum of coefficients in the
second summation:

1=x >

n

AT = (1= A) Y AmAT I =z T (8.63)
t m=0
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where m — T + t. We see that in Eq. (8.62) all n-step returns Gy.¢4,, are
weighted xponentially decaying coefficient A"~ !, except the true return Gy
which is weighted by AT—t=1,

Again consider two special cases:

e A\ =0:all terms in Eq. (8.62) are zero, except the first one with n = 1:

G?:O = )\n_th;tJrn = 00 Gt:t+1 = Tt+1 =+ ’}/’U(St+1> (864)
n=1
This is simply the TD target, i.e., TD(0) is the TD method.
e )\ = 1: the first summation is zero and
Gl =@,y (8.65)

i.e., TD(1) is the MC method.

We therefore see that TD(A) is a general algorithm of which the two special cases
TD(0) and TD(1) are respectively the TD and MC methods.

In Eq. (8.62), G} is calulated as the weighted sum of all n-step returns Gy.;1,,

@upto the last one G available at the end of the episode. This summation can be

truncated to include fewer terms before reaching the terminal state at the end
of the episode:

h—t—1

Grrn=01=X) > NGy + A" G, (0<t<h<T) (866)

of different variations of
algorithms have been
covered in this chapter; be
specific.

Same as before where? A lot

n=1

@eciaﬂy when h =T, G}, = same as before, and when h =t +1, G}, =
Grr1 = 1re41 +y0(s me 4s the TD target.

>

iterative update of the value function v.(s;) in Eq.

"Same as X" is a phrasing
you use a lot. It isn't quite
grammatically right. It should
either be "the same as," or
preferably, "just as" or simply
"as."

vr(8t) = vr(5¢) + (G — vr(54)) = v (s¢) + by (8.67)

where

Define what the backward
view of TD(lambda) is before
explaining what it's
equivalent/similar to.

(St = G? — ’Uﬂ—(St)

This iteration is c the forward view of TD(X), which is similar to the MC
method, as they a hsed on éfther Gy or G}, available only at the end of each
An alternative method is t

episode.
backward vi TD(\), whicli can be shown
to be equivalent to the forwarnd-view/of TD(Sr—but it is similar to the TD(0)

method, as they are both basefd on thfe immediate reward 7,1, available at each

(8.68)

time step of the episode, and fherefofe more computationally convenient.
Specifically, the backward view of [TD()) is based the eligibility trace e;(s) for
each of the states, which decgys exponentially upon each state transition

er(s) =vper—1(s) (Vs €S) (8.69)

An explanation of why these
methods are called the
forward and backward view
would help to clarify the
methods and their
differences.
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but is boosted by an increment 1 to become e;(s) = e;(s)+1 if s = s; is currently
visited.

Now the iterative update of the estimated value function in Eq. (8.52) is mod-
ified so that all states, instead of only the one currently visited, are updated, but
to different extents based on e;(s):

vr(s) = vr(s) + adie(s), Vse S (8.70)
where the TD error §; is the same as in TD(0), given in Eq. (8.53):

0 = i1 + Yr (St41) — v (8) (8.71)

The eligibility trace e;(s) as defined above is motivated by the frequency and
recency of the visites to each state. If a state s has been more frequently and
recently visited compared to others, its e;(s) is greater than others and its value
function v, (s) will be updated by a greater increment than others.

Here is the pseudo code for the backward view of the TD(A) methd for policy
evaluation:

Input: policy 7 to be evaluated
Initialize: v(s) =0 Vs € S
loop (for each episode)
s =50
e(s) =0, Vse S
while s is not terminal (for each step)
take action a based on 7(als), get reward r and next state s’
d=r+yv(s) —v(s)
e(s)=e(s)+1
for all s

No at values at all states are updated, but to different extents depending on
e(ﬁerent from the TD algorithm where only the value at the state currently
visited is updated.

Again consider two special cases:

e A =0, e(s) =0 for all states except the current s being visited, i.e., TD(A
becomes TD(0), the same as the TD method.

e )\ =1, then e(s) is scaled down by a factor v < 1 for all states except the
current s being visited, i.e., TD(A) becomes TD(1), the same as the MC
method. However, different from the MC method that updates the value
function v(s) at the end of each spisode, here v(s) is still updated at every
step of the episode due to the backward view of the method.

In these cases, does e(s)
take its value in addition to
lambda, or because of
lambda? As it stands, it's not
clear.

This makes it sound like
TD(lambda) and vanilla TD
both become TD(0) at
lambda = 0, which is of
course not the case.
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This sentence has a dangling \

Introduction to Reinforcement Learning

This backward view of the TD(A) method can be applied to model-free con-
trol when the state value function is replaced by the action value function. Cor-
responding to the SARSA and Q-learning algorithms based on TD(0) in the
previous section, here are the two algorithms based on eligibility traces:

e SARSA(\) algorithm:

Initialize: ¢(s,a) = 0, V(s,a), a € (0, 1], € > 0, denote e-greedy policy

pi(als) by 7
loop (for each episode)
S = S0

e(s,a) =0, V(s a)

get action a according to m based on ¢(s, a)

while s is not terminal (for each step)
e(s,a) =e(s,a)+1

take action a, get reward r and next state s’
get action a’ according to m based on ¢(s’, a)

§=r+7q(s',a') —q(s,a)

for all (s,a)

s=1¢,

e Q()) algorithem:

@ote that Q(A)

Initialize: ¢(s,a) = 0, V(s,a), a € (0, 1], € > 0, denote e-greedy policy

pi(als) by 7
loop (for each episode)
S = S0

e(s,a) =0, Y(s,a)

q(s,a
e(s,a
a=ad

) =q(s,a) + ade(s,a)
) = 3e(s,a)

get action a according to 7 based on ¢(s, a)

while s is not terminal (for each step)
e(s,a) =e(s,a)+1

5)

154

non-greedy action a’ # a* with probability € to explore rather than exploiting
a*, the eligibility traces of all states are reset to zero. There are other different
versions of the algorithm which do not reset these traces.

policy m; second, if the e-greedy policy m happens to choose a random

take action a, get reward r and next state s’
get action o’ according to 7 based on ¢(s’, a)

a* = argmax, q(s’,b)

d=r+ ’Y(I(S/a a*) - q(S, a‘)
for all (s,a)

q(s,a) = q(s,a) + ade(s, a)
if ' = a* then e(s,a) = yAe(s, a) else e(s,a) =0

s=5,a=ad

algorithm is different from the SARSA()) algorithm in two ways.
, the action value is updated based on the greedy action a*, instead of the
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Value Function Approximation

All pre\@sly considered algorithms are bpeed on either the state values function
vr(s) for each state s or the action va

As these function values can be considered as either a 1-D able, the
algorithms based on such function values are called tabular methods. However,
when the number of states and the number of actions in each state are large (e.g.,
the game Go has 10'70 states), the tabular method no longer suitable due
to the unrealistic table sizes. In such a case, we can sider approximating the
state value function v(s) or action-value function ¢(s,a) by a function (s, w)
or {(s,a,w), parameterized by a set of parameters as the components of vector
w. By doing so the state or action value functions can be represented more
conveniently in terms of a much smaller number of parameters in w.

This approach can be considered as a regression problem to fit a continuous
function o(s,w) or ¢(s,a,w) to a set of discrete and finite data points v,(s) or
G=(s,a) obtained by sampling the MD
the state space, including those fo
observed during the sampling proce

Jthe environment, so that all points in

—Js or state-action pairs never actually
an be represented.
Examples of such value function approximators include

e linear combination of all features
e multi-layer neural networks
e decision trees

d b as in regression problems, we desire to find the optimal parameter w
for the modeling function (v), (s, w) so that the following objective function, the
mean squared error between the approximated values and the sample values, is
minimized:
1 N
T(w) = 5 Ex[(ve(s) = 0(s, w))?] (8.72)

where the expectation F, is with respect to all states visited while following
some policy . The gradient vector of J(w) is

vJ(w) = %J(W) = %EW % [(vr(s) — B(s, w))?]
= —Eq[(vr(s) — 0(s,w))VD(s, w)] (8.73)

and the optimal parameter vector w* can be found iteratively by the gradient
descent method

Whtl = Wy + Aw = w, —aVJ (W) = w, + aFEr [(ve(s) — 0(s,w))Vi(s, w)]
(8.74)
where « is the step size or learning rate, and

Aw = —aVJ(w) = aE; [(v(s) — (s, w)) VD (s, W)] (8.75)

If the method of stochastic gradient descent (SGD) is used, i.e., the parameter

r(s,a) for each state-action pai |Italicize "tabular methods."
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w is updated based on only one data point at each iteration instead of the
expectation of the data points, then FE, for the expectation can be dropped:

Wnt1 = Wi + AW = w,, + a(v(s) — 9(s, w))V0(s,w)) (8.76)

Here the true value function v, (s), the expected return, is unknown and needs
to be estimated by the actual return G; at each state s = s; based on the
MC method, or 7141 + Y0 (s',w) in terms of the immediate reward r;; and
the estimated value 0, (s’, w) of the next state s’ based on the TD method, by

one way of viewing the
approach? Or is the
approach an example of
supervised learning? If the
latter, rephrase to: "Such an
approach is an example of
supervised learning..."

[In the following what?

Introducing another variable
to represent N makes this

to use d for anything later,
this could just be "an N-
dimensional binary feature
vector."

less clear. If you're not going

weight vector w* that

To make the transition into
the equation clear, include
w* above: "...and the optimal

minimizes the squared error."

sampling the e@ onment. Such an approach can B€ considered as a supervised
learning based<=labeled training data set: {(s:, Gt), Vt} for the MC method,
or {(s¢, r¢41, Vt} for xthe TD method.

In the following, we will consider the special case where the state value v, (s)
is apfroximated by a linear function

d
(s, w) = inwi = wlx(s) (8.77)

based on the assumption that the value function of each state can be approxi-
mated as a linear combinatioin of a set of features in the feature vector x(s) =
[1(s), -+ ,zq(s)]T for state s, weighted by the corresponding weights in the
weight vector w = [wy, -+ ,wq]T for all states.

As a simple example, if we represent each of the N = | S| states s ad=
N dimensional binary feature vector x(s,) = [x1(sn), " E
components x;(s,) = 0 except the n-th one z,(s,) = 1, then the weight vector
can be w = [wy, -+ ,wy]T = [vz(51), -+ ,vz(sn5)]T, and we have i, (s, w) =
WTX@D vz (sn). In this case, each state s is represented by its value function
vy ()

The objective function for the mean squared error of such a linear approxi-

o (s,)]T L zero

e as in all previous discussions.

mating function is

T(w) = 5 Exl(v(s) = 005, W) = 5 Bal(va(s) —w"x(5)?]  (878)
and its gradient is
TI(w) = AT (w) =~ Ex [(0r(5) — W x())x(5)] (.79)

If all data points in terms of state s represented by x(s) and the corresponding
return G(s) as a sample of the true value v, (s) have already been collected, then
the value function approximation can be carried out as an off-line algorithm in a
batch manner, the same as in the linear least squargs linear regression problem

discussed in a previous chapter, and the optimal weight vector that minimizes
the squared error

w* = arg)r(naXZ[G(s) — (5, W)]? (8.80)
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can be found by the same pseudo inverse method

w* = (XX")"'xaG (8.81)
where X = [x1,- -+ ,xn] is a matrix containing all N samples for the states and
G =[Gy, -+ ,GpN]7T is a vector containing the corresponding returns.

However, as reinforcement learning is typically an online problem, the param-
eter w for the approximator needs to be modified in real-time whenever a new

piece of becomes available during the sampling of the environment. In this
case, we find the gradient descent method, based on the gradient vector of
J(w):
d . .
vJ(w) = %J(W) = —Er(va(s) — (s, w))Vi(s, W)
= —Er(va(s) — wlx(s))x(s) (8.82)

and the optimal parameter w* can be found iteratively

Wil = Wy + AW = Wy, + aFy [(s) — 0(s, w)] Vi (s, w)
=W, + aE; [v:(s) — wTx(s)] x(s) (8.83)

where Aw is the increment in each iteration:
AW = aE; [vr(s) — 0(s,w)] Vi(s,w) = aEr [vx(s) — WZX(S)} x(s)  (8.84)

If stochastic gradient descent is used, then w is @s ted whenever a new sample

data point x(s;) is available at a time step ¢, the expectation E. in the

tions above can be dropped

e note that the expectation of the estimgt=<d,w found by this SGD method is

the same as that obtained by full GD metho

to the global minimum of the objective function J(w) in Eq. (8.78) as it is a
ratic function with only one minimum which is global.

@Eeciﬁcaﬂy, the state value function is unknown and can be estimated in sev-

so this iteration will convergence

eral different ways, similar to the corresponding algorithms discussed before.

e MC method
The value function v.(s) is estimated by the actual return G; for each
state s; visited in an episode, obtained only at the end of each episode
while sampling the environment:

Aw = Oé[Gt — ’LA)(St,W)]V’lA)(St, ) = O[[Gt W X(St)]X(St) (885)

Here is the pseudo code for the algorithm based on the MC method,
similar to that for value evaluation algorithms discussed previously:
Initialize w = 0
loop (for each episode)

run current episode to the end to get Gy, t =1,--- T
fort=1,---,T
if s, is visited the first time
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w=w + a[G; — wlx(s)]x(s¢)

end if
end for
end loop
e TD(0) method
The value function v,(s) is estimated by the TD target, the sum of the
immediate reward r;41 and the approximated value of the next state s;y1,
at each time step of each episode while sampling the environment:

Aw = afri + YW x(si41) — W x(s¢)]x(s¢) (8.86)

Here is the pseudo code for the algorithm based on the TD method,
similar to that for value evaluation algorithms discussed previously:
Initialize w = 0
loop (for each episode)

for each time step in current episode
take action a = 7(s), get reward r and next state s’
w=w+ afr +ywix(s') — wx(s)]x(s)
end for
end loop
e TD()\) method @

The value function v, (s) is estimated based on A-return G7 given in Eq.
(8.62). Af=cussed before, TD(\) has two flavors:

— Forwan iw: same as MC method, except the true return G, is replaced
by A-return G7 available only at the end of each spisode:

Aw = a[G} — wTx(s;)]x(s¢) (8.87)

— Backward view: similar to TD(0), this is based on the immediate reward
ry+1 available at every step of each episode:

8t = afreer FywIx(se01) — whx(s)]x(s¢) (8.88)

er = yAer—1 + x(8¢), Aw = aéiet (8.89)

@t Given a policy 7 for an MDP, we define a probability di ution d(s) over all

aes visited according to 7, satisfying
> d(s) =1 (8.90)
and the following balance equation:

d(s") = Z Z m(als)p(s’|s,a)d(s) (8.91)

As both d(s’) and d(s) represent the same distribution, they must be identical.
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Given the probability distribution d(s), the mean squared error of the value
function approximation for a policy 7 can be expressed as

MSE(w) = d(s)[vx(s) — i (s, w)]? (8.92)

It can be shown that the MC method for the linear value function approximation
will converge to the optimal weight vector w ;¢ that minimizes the mean squared
error above:

MSE (W) = Ir‘lhi]nZd(s)[vﬂ(s) — (s, w))? (8.93)
s This should be capitalized
according to the rules for
titles (all words are
Control based on Function Approximation <—|capitalized, except for small
ones like "a," "the," and
"and").

The control algori based on approximated value functions also follow the
If this refers to a figure, cite
the figure by number.

coneral method of general policy iteration, as illustrate bellon
.Ve note th is is similar to the algorithms for model-free control illustrated
in Fig. 77, b h the action-value function ¢, (s, a) is replaced by the param-
eter w of the approximation action function ¢(s, a, w). In particular, for a linear
function, we have:

j(s,a,w) = anx(s, a) =wlx,(s,a) (8.94)

where x(s,a) is the feature vector for the state-action pair (s,a). We need to
find the optimal parameter w that minimizes the objective function, the mean
square error of the approximation:

T(w) = 5 Bxl(an(50) — (s, 0,))*) = 5 Fel(an(5,0) — w"x(s,0))"]  (3.95)

with gradient vector:

V(W) = AL (W) =~ Ex [go(s.) ~ (5,0, )] q(s, 0, w)
= —Ex [(gz(s,a) — w''x(s,a))x(s,a)] (8.96)

If the stochastic gradient descent method is used based on a single sample of the
action value ¢, (s, a), instead of its expectation, then E, can be dropped, and
the optimal weight vector w* that minimizes J(w) in Eq. (8.95) can be learned
iteratively:
Wit =W+ Aw =w; — aVJ(w)

=Wt + @ [(gr(8t,at) — Gr(8t, a8, W)V (8¢, az, W)]

=w;+a [(QW(Sh ar) — wi X(s¢,a))x(s¢, at)] (8.97)
where Aw is the increment of the update:

Aw = *O{VJ(W) = a[qW(Stv a’t) - qAﬂ'(Stv Qt, W)]véﬂ(sta Qt, W)

= afgx(5¢,a:) — W) x(5¢, a1)]x(5¢, az) (8.98)
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As the true Q-value ¢, (s,a) in the expression is unknown, it needs to be esti-
mated by some target depending on the specific methods used:

e MC method:
The true ¢r(s,a) is replaced by the sample return G; as the target,
obtained at the end of each episode:

Aw = a[Gy — (st as, W)V (ss, ar, W) = |Gy — Wi X(s¢, a¢)]x(s¢, az)
(8.99)
e TD(0) method:

The action value function ¢, (s, a) is replaced by the TD target, the sum
of the immediate reward, available at each step of each spisode, and the
approximated action value of the next state s;y1:

— SARSA (on-policy):

AW = a[rep1 +7G(st41, a1, W) = G(5¢, e, W)]VG(s¢, ae, W)

= Oé[Tt+1 —+ ")/WTX(St+1, at+1) — WtTX(St, at)]x(st, at) (8100)

Following Eq. (8.71), the TD error is defined as:
6t = re1 +Y4(St41, a1, W) — G(s¢, ar, w) (8.101)

then we get
Aw = oeétV(j(st, ag, W) (8102)
— Q-learning (off-policy):
Aw = a[ryer + ’YH}IE}XQ(StJrl, a',w) — q(st, ar, W)V (s, ar, w)
=afri + sz}XWTx(sHl, a') — wix(ss,a:)]x(s,a) (8.103)
e TD()\) method:

In the forward-view version of the TD(\) method the action function

qr(s,a) is (@[roximated by A-return G} as the target, available only at the

end of ea isode:

Aw = a[G} — wIx(ss, a0)]x (s, az) (8.104)

The backward-view version of the TD(A) method based on eligibility
traces is more advantageous in both space and temporal complexity as well
as learning efficiency. @

We first define an elignbility trace vector which is set to zero at the
beginning of the episode, but then decays

er = YAer—1 + Vo q(st, as, w) (8.105)

AW = ades (8.106)
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8.7 Deep Q-learning 413

and Eq. (8.70)

v (8) = ve(s) + adrei(s), Vse S (8.107)

| assume this is a
typographical error, and
should be removed.

—> /////

Recall the TD error for the backward view of the TD()) method first

| think you mean that the TD
error for the TD(lambda)
method is analogous to
delta_t here, but it would be
clearer if you said that
outright.

8.7

This is some odd spacing.

iven in Eq. (8.71):
0t = (re+1 +Y0r(se41) — v (s)) (8.108)

In summary, here are the conceptual (not necessarily algorithmic) steps for
the general model-free control based on approximated action-value function:

e Learn parameter w as in Eq. (8.97),
e Get the Q-values as in Eq. (8.94)
e Obtain the policy by e-greedy approach as in Eq. (8.41)

These steps are also illustrated below:

Training of w = @ — value = Policy 7 (8.109)

Deep Q-learning

Previously we approximated the state or action value functions by a linear func-

Are there a few stray tabs
around the word "or"?

8.8

tion Oy (s, w) = Wi X(sF Gr(s,a,w) = wT'x(s,a) parameterized by the

weight vector w based on a set of features in x. However, these features need to

or

hand picked or designed based on the specific problem to solve.
Network!

Policy Gradient Methods

All RL algorithms previo| nsidered are based on eith e or action-value
function and the policy dectly derived from them b eedy or e-greedy
method. However, as the ultimate goal of an RL problem is to find the optimal
policy that maximizes the return, it make sense to consider this as an optimiza-
tion problem to directly find the optimal policy based on an objective function

@epresen‘cing the total return to be maximized, by the gradient ascent method,

s discussed in t llowing.

Previously weE-roximate the state value function v,(s) and action value
function ¢ (s,a) by some parameterized functions o, (s,w) and §(s,a, w) re-
spectively, of which the parameter w can be obtained by sampling the environ-
ment, as a supervised learning process. Now we construct a model of a stochastic
policy as a parameterized function:

m(als,0) = P(als,0) (8.110)

]

| think this section is a work
in progress, so | won't
comment on it substantively.
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where vector § = [01,---,04]7 represents some d parameters of the model. As
the dimensionality d is typically smaller than the number of states and actions,
such a parameterized policy model is suitable in cases where the numbers of
states and actions are large or even continuous.

As a specific example, the policy model can be based on the soft-max function:

eh(s,a,@)

m(als,8) = S~wmn

(8.111)
satisfying ) 7(als, ) = 1. Here the summation is over all possible actions, and
h(s,a,0) is the preference of action a in state s, which can be a parameterized
function such as a simple linear function h(s,a,f) = 67x(s,a), or a neural net-

@work with weights represented by 6, the same as how the value functions are

approxmiated in Section 8.5. According to this policy, an action with higher

erence h(s,a,0) will have a higher probability to be chosen.

Different from how we find the parameter w of (s, a, w) by minimizing J(w),

the mean squared error between the value function ¢, (s, a) and its model ¢, (s, a, w),

based on gradient descent, here we find the parameter 6 of w(als, 6) by maximiz-
ing J(0) representing the value function, the expected return, under the policy,
based on gradient ascent. Such methods are therefore called policy gradient meth-
ods.

The value-function based methods considered previously and the policy-based
methonsidered here are summarized below, together with the actor-critic

methow—=3 the combination of the two:

e Value-based: the policy is ed by the greedy or e-greedy method based on
the value function learn =E, ring sampling the environment as a supervised
learning process.

e Policy-based: the policy is directly learned without explicitly value functioin

estimation.

e Actor-Critic: parameters for both the value function model and policy model
are learned simultaneously.

Better convergence
properties than
what?

\ Advantages of policy-based RL i@des better convergence properties, but

may stuck at local optimum, effective in high-dimensional or continuous action
space can learn stochastic policies, but have high variance.

How good a policy is may be measured by different objective functior@\l
related to the values or rewards associated with the policy being evaluated,
depending on the environment of the specific problem:

e In episodic environments with finite horizon, we can use the value, the ex-

pected return (sum of discounted future rewards), of the start state sg:
J1(0) = vr, (50) (8.112)

e In continuing (online) environments with infinite horizon, we can use the
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average value

Tawv (0) =Y duy (8)0my (5) (8.113)

where d, (s) is the stationary distribution of all states under policy 7(als, 6).

We can find the optimal paramter 6* for the policy model 7(als,#) by solving
the maximization problem:

0" = argmax J(0) (8.114)
0

based on the gradient of J(6):

d o 071"
=—JO)= | —.--- . — 11
VoJ(0) d@J( ) {891’ ’GHn] (8.115)
by the iterative gradient ascent method:
Orr1 =0 + A0 =0, +aveJ(0) (8.116)

Here we use ¢ for the index of the iteration based on the assumption that the
a new sample point is available at every time step of an episode while sampling

the environment following policy 7 (als, 6). @
While it is conceptually straight forward to see hadient ascent method

can be used to find the optimal parameter §* that maximizes J(6), it is not
easy to actually find its gradient V.J(6), which depends on not only what actions
to take at the states directly determined by the policy m(als,8), but also how
the states are distributed under the policy in an unknown environment. This
challenge is addressed by the following policy gradient theorem. The proof of the
theorem below leads to an expression of the gradient Vy.J(#), which can be used
to find the optimal parameter 6* iteratively by the stochastic gradient ascend

method. E
Proof icy gradient theorem:
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Vour, (S) = Vg <Z7r(a|579)qﬂ'e (Saa)>

a

= Z [Vor(als, 0) gr,(s,a) + 7w(als,0) Voqr,(s,a)]

2 Z Vom(als,0) qr,(s,a) + m(als, 8) Vg Z Z P(s',r|s,a)(r + vg, (s’))]

L s

e Z Vorm(als,0) qr,(s,a) + m(als,0) Z ZP(S’,T|S, a)ngﬂe(s/)]

L s

4 Z Vorm(als,0) qr,(s,a) + m(als, 0) Z P(s'|s,a)Vovr, (s’)]

5 Z Vor(als,0) qr,(s,a) + Z Z w(als,0)P(s'|s,a)Vouvr,(s")
S o(s) + Z Z P(s'|s,a)m(als, 0)Vouvr, (s") (8.117)

where

product rule of derivative: (uv) = uw'v 4+ uv’
Gro(s,0) = Zs’ Zr P(s',r]s,a)(r 4 vz, ()
r is not a function of ¢

>, P(s',rls,a) = P(s'|s,a) in Eq. (8.17)

m(als, d) is indpendent of s’ and moved inside summation over s’

S N

You're missing a number - We have defined

here. d)(S) = Z VGW(G’L& 9) Arg (Sv a’) (8118)

@e note that Eq. (refPolicyGradientThm1) is a recursion by which Vyu,(s) is
expressed as a function in terms Vguy, (s').
We further define Pr,(s — x, k) as the probability of transitioning from state
s to a state x after k steps following m(als, 6):

s W(%G) s’ W(ﬁﬂ()) s ﬂ(a—s”ﬁe) e ﬂ(a‘S(:;)’e) sk =g (8.119)
with the following properties:
[ ]
Prq(s —s,0)=1 (8.120)
[ ]

Pr.(s—s,1)= Zﬂ'(a|s, 0)P(s'|s,a) (8.121)
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> Pro(s—s,1)=1 (8.122)

Pro(s — §",2) = Prp(s = s, 1)Pry(s' = s",1) (8.123)
Continuing Eq. (8.117) we keep rolling out the recursion of Vv, (s’) and get:

Vovns(#) = 805) + 3 3 wlals, P (5. 0)Vovm, ()

=

(s) + ZPT7r s — 8, 1)Vour,(s)

s/

2 s) + ZPTW(S =8 1) |o(s)+ Y Pra(s’ — ", 1)Vovn, (s")
2 o(s) + ZP?‘W(S — s 1)p(s') + ZPT,r s — 8, 1)Pry(s" = §",1)Vour,(s")
2 6(s) + ZP?‘W(S — s 1)p(s') + ZP?‘W(S — 8",2)Vour,(s")
5 s) + ZPTW(S — s, )p(s) + ZPTW(S — ", 2)p(s") + Z Pra(s —s",2)Vovg,(s")
= ENTN Pra(s = 2, k)d(x) (8.124)
€S k=0

where

1. Eq. (8.121) "And Eq. (8.120)" is unclear.

9. unroll Vov (s’) To clarify, explain how Eq.

: 6Umq (8.120) is involved.

3. Eq. (8.122)

4. Eq. (8.123)

5. unroll Vv, (s")

6. keep unrolling recursively to infinity, and Eq. (8.120)

Now the gradient of the objective J(0) = vy, (so) can be written as

VoJ(0) = Vovr(s0) = Zzpﬁr so = 8, k) B(s)

s€S k=0
- §n<s> o) - (;n ) s o
x Z Z Zuﬂ ZV@W((I|S,9) Qry (8,0) (8.125)
seS s’ 77 seS a

Here the proportionality is introduced due to the dropping of >~ n(s’) as a
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constant independent of state s, and we also defined

n(s) =Y Pra(so = s, k), (8.126)
k=0

as the sum of all probabilities for visiting state s from the start state sg, and

n(s) = <) (8.127)

> n(s)

as a normalized verion of 7(s) representing the probability distribution of visiting
state s while following policy 7. Eq. (8.125) can be further written as

VoJ(0) = Vovr(so) x Zuﬂ(s) Zﬁ(a|5,9)% Qry (8, Q)
ses a ’
= Z Hr($) Z m(als,0) Volnm(als,0)qr,(s,a)
ses a
= FEr, [Volnn(als,0) gr, (s,a)] (8.128)

where E, denotes the expectation over all actions in each state s weighted by
m(als,0) and all states s € S weighted by pr(s).

Q.E.D.

We see that the gradient Vo J(0) is now expressed as the expen of the
action value function ¢ (s,a), weighted by the gradient of the logmenm of the
corresponding policy m(als,#). Now Eq. (8.116) can be further written as

9t+1 == 9t + O[VgJ(@) = Gt + O[E. _ iﬂ—e (St, at) Vo In 7T(0,t|8t, 9)] (8129)

@Ve further note that Eq. (8.125) st
pendent of action a is included:

V07 (0) 5 3 1x(s) 3 Vor(als, 0) (g, (5, )

ses

old if an arbitrary bias term b(s) inde-

= 1x(s) > Vom(als,0) (gr,(s,a) +b(s)) (8.130)

ses

as

> om(als,0) b(s) = b(s)Ve »_ 7(als,0) =b(s)Vyl =0 (8.131)

Now Eq. (8.116) can also be written as
Ory1 =0 +aveJ(0) = 0; + aEr, [(qn, (St,at) + b(st)) Vo lnm(ar|se,0)] (8.132)

The expectation E,, in Egs. (8.129) and (8.132) can be dropped if the method
of stochastic gradient ascent is used, as in all algorithms below, where each
iterative step is based on only one sample data point instead of its expectation.
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@)eciﬁcally, for a soft-max policy model as given in Eq. (8.111), we have

eGTx(s,a)

Volnm(als,0) = Vgln S 0TxGb) | T Vo | 07x(s,a) — 1nZeeTx(s’b)
D€ ' 5

Vo Zb eGTx(s,b)
Zb e0Tx(s,b)
eeTx(s,b)

=x(s,a) — =y X(5,0)
; Zb ef7x(s,b)

Zb eGTx(s,b)X(S7 b)
Zb e0Tx(s,b)

=x(s,a) — =x(s,a) —

=x(s,a) = »_m(bls, 0)x(s,b) (8.133)

b
We lig of popular policy-based algorithms belo@yased on either the MC
or TD methods, generally used in previous algorithms.

e REINFORCE (MC) policy gradient
In this algorithm, the n value function ¢y, (s, a:) in Eq. (8.129) is
replaced by the return Gytdned at the end of each episode while sampling
the environment. Now the equation becomes:

Or41 = 0: + ay'Gy Vo lnr(als, 0) (8.134)

Note that the discount factor ~* is included as the expression for V4.J(6)
in Eq. (8.128) assumed v = 1 for simplicity.
Here is the pseudo code for the algorithm:
Initialize mw(als, 0
loop (for each episode)
At the end of episode, get G, for each state visited
fort=1,---,T
0 =0+ ay'GiVgInm(ag|se, 0)
end loop
e Actor-Critic (TD) policy gradient
As its name suggests, this algorithm is based on two approximation func-
jon models, the first for the policy 7(a|s, f) parameterized by 6, the actor,
me as in the REINFORCE algorithm above, a second for the value
ction ¥, (s, w) parameterized by w, the crititz=dme as in Eq. (8.97).
@peciﬁcally, in Eq. (8.132), the action value function g, (st,at) is re-
placed by its bootstrapping expression 7¢41 + v, (s', w), and the bias term
b(s) is replaced by the approximated value function 9(s:, w). Now both
parameters w and 6 can be found iteratively at every step of an episode
while sampling the environment (the TD method) by stochastic gradient
method with the expectation F, dropped:

Wil = Wi + ay [(Te1 + Y0r (8", W) — 0r(5, W)) Vipbr (s, W)]

Ops1 = 0 + ag [(re1 + YO (8", W) — 9 (s,W)) Vg In7(als, 0)](8.135)

Here is the pseudo code for the algorithm:
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initialize model parameters # and w
initialize step sizes ap and ay,
loop (for each episode)
initialize s = sg, t =0
while s is not terminal (for each step)
take action a following 7(als,#), find reward r and next
state s’
find TD error: § = r +v9(s’, w) — 0(s,w)
W =W+ Qq 0 VO(s, W)
0 =0+ apy's vinn(als,0)

s=s
t=t+1
end while

end loop
e Backward view of TD()\) policy gradient
Here is the pseudo code for the algorithm:
initialize model parameters 6 and w
initialize step sizes ap and ay,
initialize trace-decay rates Ag and A,
loop (for each episode)
initialize s = 59, t =0
initialize zg = 0, z,, =0
while s is not terminal (for each step)
take action a following 7(als, @), find reward r and next
state s’
find TD error: § = r +v9(s’, w) — 0(s,w)
zg = Y\ozo + V' Inm(als, )
Zw = YAwZe + Y VD(s, W)
W =W+ Qq 0 VO(s, W)
0 =04 apd Vinm(als,0)

s=3s
t=t+1
end while

end loop

Following the similar steps, the policy gradient theorem for environment with
continuous state and action spaces can be also proven:

VoJ(0) = /,u,r(s) /V@ﬂ(a|s,9) Gy (8, a)da ds (8.136)





