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Chapter 2 :: Topics

* Introduction

* Boolean Equations
 Boolean Algebra

* From Logic to Gates

 X’sand Z’s, Oh My
* Karnaugh Maps

* Timing
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 Combinational Building Blocks
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Introduction

A logic circuit is composed of:
* Inputs

* Outputs

* Functional specification

* Timing specification

( _ )
—¥» functional spec

iInputs —»

—» timing spec
\_ J
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Circuits
* Nodes
— Inputs: A, B, C
— Outputs: Y, Z A
— Internal: nl B

e Circuit elements ¢

— E1, E2, E3
— Each a circuit

COMBINATIONAL LOGIC DESIGN
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Types of Logic Circuits

 Combinational Logic

— Memoryless
— Outputs determined by current values of inputs

* Sequential Logic

— Has memory
— Outputs determined by previous and current values

of inputs
( )
—» functional spec
iInputs » 5 outputs
—» timing spec
\_ W,
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COMBINATIONAL LOGIC DESIGN
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Rules of Combinational Composition

* Every element is combinational

* Every node is either an input or connects
to exactly one output

* The circuit contains no cyclic paths

1
=l

 Example:

& f



Boolean Equations

* Functional specification of outputs in terms
of inputs
* Example: S =F(A, B,C,)
Cout = F(A, B, C,)

A _ \_
B— & [ g
Cin_\ y out

S =A®B®C_
th=AB+ACm+BCm
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Some Definitions

 Complement: variable with a bar over it
A, B, C

 Literal: variable or its complement
AAB,B,CC

e Implicant: product of literals
ABC, AC, BC

* Minterm: product that includes all input
variables

ABC, ABC, ABC
* Maxterm: sum that includes all input variables
(A+B+C), (A+B+C), (A+B+C)
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Sum-of-Products (SOP) Form

O

Ty

9

) ¢ AllBoolean equations can be written in SOP form
H e Each row has a minterm

O

O

=]

E!

<

Q' =

m:: minterm
<L A B | Y | minterm| npame
= 0 0 AB Mo
P~y 0 1 A B m-
g‘: 1 1 A B ms
J
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Sum-of-Products (SOP) Form

e All Boolean equations can be written in SOP form

e Each row has a minterm

e A minterm is a product (AND) of literals

e Each minterm is TRUE for that row (and only that row)

minterm
A B | Y | minterm| pname
0 0 A B mo
0 1 A B m-
1 0 AB mo
1 1 A B ms;

COMBINATIONAL LOGIC DESIGN
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Sum-of-Products (SOP) Form

e All Boolean equations can be written in SOP form

e Each row has a minterm

e A minterm is a product (AND) of literals

e Each minterm is TRUE for that row (and only that row)
Form function by ORing minterms where output is 1
e Thus, a sum (OR) of products (AND terms)

minterm
A B | Y | minterm| pname
0 0 0 A B mo
Co 111 A B my)
1 0 0 AB mo
(1 111 A B ms )

COMBINATIONAL LOGIC DESIGN

Y=F(4,B)=AB + AB
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Sum-of-Products (SOP) Form

e All equations can be written in SOP form

e Each row has a minterm

e A minterm is a product (AND) of literals

e Each minterm is TRUE for that row (and only that row)
Form function by ORing minterms where output is 1
e Thus, a sum (OR) of products (AND terms)

minterm
A B | Y | minterm| pname
0 0 0 A B mo
Co 111 A B my)
1 0 0 AB mo
(1 111 A B ms )

COMBINATIONAL LOGIC DESIGN

Y=F(4, B)y=AB + AB=X(1, 3)
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Product-of-Sums (POS) Form

9
o
) ¢ AllBoolean equations can be written in POS form
H e Each row has a maxterm
|
=
<
-y
H‘; maxterm
§: A B | Y |maxterm| name
E‘ 0 0 A + B Mo
: 1 0 A+ B M
8 11 A+ B M,
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Product-of-Sums (POS) Form

e All Boolean equations can be written in POS form

e Each row has a maxterm

e A maxterm is a sum (OR) of literals

e Each maxterm is FALSE for that row (and only that row)

maxterm
A B | Y |maxterm| name
0 0 A + B Mo
0 1 A+ B M,
1 0 A+ B M
1 1 A + B M3

COMBINATIONAL LOGIC DESIGN
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Product-of-Sums (POS) Form

e All Boolean equations can be written in POS form

e Each row has a maxterm

e A maxterm is a sum (OR) of literals

e Each maxterm is FALSE for that row (and only that row)
Form function by ANDing maxterms where outputis 0
e Thus, a product (AND) of sums (OR terms)

maxterm
A B | Y |maxterm| name
(0 oflo|a+mB My, )
0 1 1 A+ B M,
(l 0 O |A + B M )
1 1 1 A+ B M;

COMBINATIONAL LOGIC DESIGN

Y=F(4, B)= (A + B)e(4 + B) &
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Product-of-Sums (POS) Form

e All Boolean equations can be written in POS form

e Each row has a maxterm

e A maxterm is a sum (OR) of literals

e Each maxterm is FALSE for that row (and only that row)
Form function by ANDing maxterms where outputis 0
e Thus, a product (AND) of sums (OR terms)

maxterm
A B | Y |maxterm| name
(o o] o]|a+B M, )
0 1|1]a+3B M,
1 o|lo]|aA+B M, )
1 1|12 +B M.,

COMBINATIONAL LOGIC DESIGN

¥=F(4, B) = (4 + BYA+ B) = 11(0, 2)

© Digital Design and Computer Architecture, 2™ Edition, 2012 Chapter 2 <16> EE



Boolean Equations Example

* You are going to the cafeteria for lunch
— You won’t eat lunch (E = 0)
— If it’s not open (O =0) or
— If they only serve corndogs (C=1)
* Write a truth table for determining if you

COMBINATIONAL LOGIC DESIGN

will eat lunch (E).
O C | E
0 0
0 1
1 0
11

|
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Boolean Equations Example

* You are going to the cafeteria for lunch
— You won’t eat lunch (E = 0)
— If it’s not open (O =0) or
— If they only serve corndogs (C=1)
* Write a truth table for determining if you

COMBINATIONAL LOGIC DESIGN

will eat lunch (E).
O C| E
0 0 0
0 1 0
1 0| 1
1 110

|
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SOP & POS Form

* SOP - sum-of-products

minterm

E

O 0O olo
QQla o

* POS — product-of-sums

maxterm

O]
W
Wl
Q
% O C
| 0 0
9, 0 1
3 o
=
Q9
o
<L O C
E‘ 0 0
E; 0 1
' 1 0
8 1 1
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O + C
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W

Ly

Q) ° SOP-sum-of-products

H O C | E | minterm

ég o o0lo| oc

Sy f 0 1 0 0 C

~d @ o0]1 O0C )

< 1 1o 0 C

T

B * POS — product-of-sums

§ O C | E | maxterm

- (O 0] 0|0+ C)

a © 1[o0o]o+<C)

g 1 o1 [o+cC
(1 1 ]0]0+C)

U,
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E=0C
=3(2)

SOP & POS Form

E=(0+ C)O+ C)O + O)

=T1(0, 1, 3)
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Boolean Algebra

 Axioms and theorems to simplify Boolean
equations

* Like regular algebra, but simpler: variables
have only two values (1 or 0)

* Duality in axioms and theorems:
—ANDs and ORs, 0’s and 1’s interchanged

COMBINATIONAL LOGIC DESIGN
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COMBINATIONAL LOGIC DESIGN

Boolean Axioms

Number Axiom

VElnl=

Al B=0ifBz1 Binary Field
A2 0=1 NOT

A3 Oe0=0 AND/OR
Ad lel=1 AND/OR
A5 Oel=1¢0=0 AND/OR

© Digital Design and Computer Architecture, 2™ Edition, 2012
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COMBINATIONAL LOGIC DESIGN

Boolean Axioms

VElnl=

Number Axiom

Al B=0ifBz1 Binary Field
A2 0=1 NOT
A3 0e0=0 AND/OR
A4 lel=1 AND/OR
A5 Oel=1¢0=0 AND/OR
Dual: Replace: e with +
O with 1

Chapter 2 <23>
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Boolean Axioms

Number Axiom DITE] VEll=
Al B=0ifB#1 B=1ifB#0 Binary Field
A2 0=1 1=0 NOT

A3 0e¢0=0 1+1=1 AND/OR
A4 lel=1 0+0=0 AND/OR
A5 Oel=1¢0=0 |1+0=0+1=1 |AND/OR

COMBINATIONAL LOGIC DESIGN

Dual: Replace: e with +

O with 1
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Boolean Theorems of One Variable

Number Theorem Name

T1 Bel=8B ldentity

T2 BeO=0 Null Element

T3 BeB=B ldempotency
T4 B=B Involution

T5 BeB=0 Complements

COMBINATIONAL LOGIC DESIGN
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COMBINATIONAL LOGIC DESIGN

Boolean Theorems of One Variable

Number Theorem Name

T1 Bel=8B ldentity

T2 BeO=0 Null Element

T3 BeB=B ldempotency
T4 B=B Involution

T5 BeB=0 Complements

Dual: Replace:

© Digital Design and Computer Architecture, 2™ Edition, 2012

o with +
O with 1
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Boolean Theorems of One Variable

Number Theorem Dual

T1 Bel=8B B+0=8B |dentity

T2 BeO0=0 B+1=1 Null Element

T3 BeB=B B+B=B ldempotency
T4 B=B Involution

T5 BeB=0 B+B=1 Complements

Dual: Replace: e with +
O with 1

COMBINATIONAL LOGIC DESIGN
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T1: Identity Theorem

eB*1=8B
eB+0=8B

BINATI

com
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T1: Identity Theorem

eB*1=8B
eB+0=8B
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T2: Null Element Theorem

e B+1=1
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T2: Null Element Theorem

e B+1=1
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T3: Idempotency Theorem

e B+B=8B

COMBINATIONAL LOGIC DESIGN
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T3: Idempotency Theorem

e B+B=8B
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T4: Identity Theorem

=B

well
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T5: Complement Theorem

NAL

COMBINATIO
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T5: Complement Theorem
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Recap: Basic Boolean Theorems

Number Theorem

T1 Bel=8B B+0=8B |dentity

T2 BeO0=0 B+1=1 Null Element

T3 BeB=B B+B=B ldempotency
T4 B=B Involution

T5 BeB=0 B+B=1 Complements

Dual: Replace: e with +
O with 1

COMBINATIONAL LOGIC DESIGN

© Digital Design and Computer Architecture, 2™ Edition, 2012 Chapter 2 <38> ESEIER



Boolean Theorems of Several Vars

Number Theorem Name

T6 BeC=CeB Commutativity

T7 (BeC)eD=Be(CeD) Associativity

T8 Be(C+D)=(BeC)+(BeD) |Distributivity

T9 Be (B+C) =B Covering

T10 (BeC) + (BeC) =B Combining

T11 (BeC) + (BeD) + (CeD) = Consensus
(BeC) + (BeD)

COMBINATIONAL LOGIC DESIGN
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Boolean Theorems of Several Vars

#  Theorem Dual Name
16 BeC =CeB B+C =C+B Commutativity
T7 (BeC) e D=B e (CeD) (B+C)+D=B+(C+D) |Associativity
T8 Be(C+D)=(BeC)+(BeD) | B+ (CeD)=(B+C) (B+D) | Distributivity
T9 Be(B+C)=B B+ (BeC)=8B Covering
T10 | (BeC)+ (BeC)=B (B+C) * (B+C)=B Combining
T11 | (BeC) + (BeD) +(CD) = (B+C) o (I§+D) e (C+D) = | Consensus

(BeC) + (BeD) (B+C)  (B+D)

Dual: Replace: e with +

O with 1

COMBINATIONAL LOGIC DESIGN
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Boolean Theorems of Several Vars

#  Theorem Dual Name

16 BeC =CeB B+C =C+B Commutativity

T7 (BeC) e D=B e (CeD) (B+C)+D=B+(C+D) |Associativity

T8 Be(C+D)=(BeC)+(BeD) | B+ (CeD)=(B+C) (B+D) | Distributivity

T9 Be(B+C)=B B+ (BeC)=8B Covering

T10 | (BeC)+ (BeC)=B (B+C) * (B+C)=B Combining

T11 | (BeC) + (BeD) +(CD) = (B+C) o (I§+D) e (C+D) = | Consensus
(BeC) + (BeD) (B+C)  (B+D)

Warning: T8’ differs from traditional algebra:
OR (+) distributes over AND (e)

COMBINATIONAL LOGIC DESIGN
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Boolean Theorems of Several Vars

#  Theorem Dual Name

16 BeC =CeB B+C =C+B Commutativity

T7 (BeC) e D=B e (CeD) (B+C)+D=B+(C+D) |Associativity

T8 Be(C+D)=(BeC)+(BeD) | B+ (CeD)=(B+C) (B+D) | Distributivity

T9 Be(B+C)=B B+ (BeC)=8B Covering

T10 | (BeC)+ (BeC)=B (B+C) * (B+C)=B Combining

T11 | (BeC) + (BeD) +(CD) = (B+C) o (I§+D) e (C+D) = | Consensus
(BeC) + (BeD) (B+C)  (B+D)

How do we prove these are true?

COMBINATIONAL LOGIC DESIGN

© Digital Design and Computer Architecture, 2" Edition, 2012 Chapter 2 <42> ESEIER



e Method 1: Perfect induction

e Method 2: Use other theorems and axioms
to simplify the equation

— Make one side of the equation look like
the other

COMBINATIONAL LOGIC DESIGN
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Proof by Perfect Induction

e Also called: proof by exhaustion
e Check every possible input value

e If the two expressions produce the same
value for every possible input combination,
the expressions are equal

COMBINATIONAL LOGIC DESIGN

N
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Example: Proof by Perfect Induction

Number Theorem

L LOGIC DESIGN

T6 BeC=CeB Commutativity
. B C/ BC (B
<
S 0 0
Q 0 1
m&; 1 0
: 1 1
<
g!
O
U,

L ..E b
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Example: Proof by Perfect Induction

Number Theorem

T6 BeC=CeB Commutativity
B C| BC (B
0 0 0 0
0 1 0 0
1 0 0 0
1 1 1 1

COMBINATIONAL LOGIC DESIGN

st ..E B
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Boolean Theorems of Several Vars

#  Theorem Dual Name

16 BeC =CeB B+C =C+B Commutativity

T7 (BeC) e D=B e (CeD) (B+C)+D=B+(C+D) |Associativity

T8 Be(C+D)=(BeC)+(BeD) | B+ (CeD)=(B+C) (B+D) | Distributivity

T9 Be(B+C)=B B+ (BeC)=8B Covering

T10 | (BeC)+ (BeC)=B (B+C) * (B+C)=B Combining

T11 | (BeC) + (BeD) +(CD) = (B+C) o (I§+D) e (C+D) = | Consensus
(BeC) + (BeD) (B+C)  (B+D)

How do we prove these are true?

COMBINATIONAL LOGIC DESIGN
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T7: Associativity

Number Theorem

T7 (BeC)eD=Be(CeD) Associativity

LOGIC DESIG
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T8: Distributivity

Number Theorem

T8 Be(C+D)=(BeC)+(BeD) |Distributivity

LOGIC DESIG

ONAL
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T9: Covering

Number Theorem

T9 Be (B+C) =B Covering

LOGIC DESIG
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T9: Covering

Number Theorem

T9 Be (B+C) =B Covering

Prove true by:
e Method 1: Perfect induction
e Method 2: Using other theorems and axioms

COMBINATIONAL LOGIC DESIGN
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T9: Covering

Number Theorem

T9 Be (B+C) =B Covering

Method 1: Perfect Induction

(B+C) B(B+()

C
0
1
0
1

= = O O M

COMBINATIONAL LOGIC DESIGN
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T9: Covering

Number Theorem

T9 Be (B+C) =B Covering

Method 1: Perfect Induction

B C| (B+C) B(B+(C)
0 0 0 0
0 1 1 0
1 0 1 1
1 1 1 1

COMBINATIONAL LOGIC DESIGN
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T9: Covering

Number Theorem

T9 Be (B+C) =B Covering

Method 1: Perfect Induction

B C| (B+C) |B(B+(C)
0 0 0 0
0 1 1 0
1 0 1 1
1 1 1 1

COMBINATIONAL LOGIC DESIGN
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T9: Covering

Number Theorem

T9 Be (B+C) =B Covering

Method 2: Prove true using other axioms and
theorems.

COMBINATIONAL LOGIC DESIGN
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Number Theorem

T9: Covering

Covering

T9 Be (B+C) = B
theorems.
Be(B+C)  =BeB + BeC
=B+ BeC
=Be(1 + C)
= Be(1)
=B

COMBINATIONAL LOGIC DESIGN

© Digital Design and Computer Architecture, 2™ Edition, 2012

Method 2: Prove true using other axioms and

T8: Distributivity
T3: I[dempotency
T8: Distributivity
T2: Null element
T1: Identity

Chapter 2 <56> EEVI



T10: Combining

Number Theorem

T10 (BeC) + (BeC) =B Combining

Prove true using other axioms and theorems:

COMBINATIONAL LOGIC DESIGN
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T10: Combining

Number Theorem

T10 (BeC) + (BeC) =B Combining

Prove true using other axioms and theorems:

BeC+BeC  =Be(C+C) T8: Distributivity
= Be(1) T5": Complements
=B T1: Identity

COMBINATIONAL LOGIC DESIGN
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T11: Consensus

Number Theorem

T11 (BeC) + (BeD) + (CeD) = Consensus
(BeC) + (BeD)

Prove true using (1) perfect induction or (2)
other axioms and theoremes.

COMBINATIONAL LOGIC DESIGN
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Boolean Theorems of Several Vars

#  Theorem Dual Name

16 BeC=CeB B+C=C+B Commutativity

T7 (BeC) e D=B ¢ (CeD) (B+C)+D=B+(C+D) |Associativity

T8 Be(C+D)=(BeC)+(BeD) | B+ (CeD)=(B+C) (B+D) | Distributivity

T9 Be(B+C)=B B+ (BeC)=8B Covering

T10 | (BeC)+ (BeC)=B (B+C) * (B+C)=B Combining

T11 | (BeC) + (BeD) +(CD) = (B+C) o (I§+D) e (C+D) = | Consensus
(BeC) + (BeD) (B+C) ¢ (B+D)

COMBINATIONAL LOGIC DESIGN

Axioms and theorems are useful for simplifying

equations.

© Digital Design and Computer Architecture, 2™ Edition, 2012 Chapter 2 <60>
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Simplifying an Equation

Reducing an equation to the fewest number
of implicants, where each implicant has the
fewest literals

COMBINATIONAL LOGIC DESIGN

L ..E B
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Simplifying an Equation

Reducing an equation to the fewest number
of implicants, where each implicant has the
fewest literals

Recall:
— Implicant: product of literals
ABC, AC, BC

— Literal: variable or its complement
A A B,B,CC

COMBINATIONAL LOGIC DESIGN
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Simplifying an Equation

Reducing an equation to the fewest number
of implicants, where each implicant has the
fewest literals

Recall:
— Implicant: product of literals
ABC, AC, BC
— Literal: variable or its complement
A A B,B,CC

Simplifying the equation is also called minimizing the
equation

COMBINATIONAL LOGIC DESIGN
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* Distributivity (T8, T8')

 Covering (T9’)

LOGIC DESIG

 Combining (T10)

==

NAL

NATIO

COMBI
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Simplification methods

B (C+D)=BC+BD
B + CD = (B+ C)(B+D)

A+AP=A

PA+PA=P

Chapter 2 <64>
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Simplification methods

e Distributivity (T8, T8’) B (C+D)=BC+BD
B + CD = (B+ C)(B+D)

LOGIC DESIG

 Covering (T9’) A+AP=A
e Combining (T10) PA + PA = P
~ B
g: *  Expansion P = PA + PA
' A=A+AP
Q
N' o o
H‘;  Duplication A=A+A
3
o
gt
Q
(&’
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Simplification methods

e Distributivity (T8, T8’) B (C+D)=BC+BD
B + CD = (B+ C)(B+D)

 Covering (T9’) A+AP=A
« Combining (T10) PA+PA=P
Expansion P = PA + PA
A=A+AP
 Duplication A=A+A

 “Simplification” theorem PA+A=P+A
PA+A=P+A

COMBINATIONAL LOGIC DESIGN
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Proving the “Simplification” Theorem

“Simplification” theorem
PA+A=P+A
Method 1: PA+A =PA+(A+AP) T9 Covering
=PA+PA+A T6 Commutativity
=P(A+A)+A T8 Distributivity
=P(1) +A T5’ Complements
=P+A T1 Identity

COMBINATIONAL LOGIC DESIGN
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N

T5’ Complements
T1 Identity

9

m{

A  “Simplification” theorem
9 PA+A=P+A

8 Method 2: PA+A =(A+A) (A+P) T8’ Distributivity
~ = 1(A+P)
-~ _A4p

<

<

QS

W;tf

=

L

Ef

(W
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Proving the “Simplification” Theorem
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T11

T11: Consensus

(BeC) + (BeD) + (CeD) =
(BeC) + (BeD)

Consensus

Number Theorem Name

COMBINATIONAL LOGIC DESIGN

Prove using other theorems and axioms:

© Digital Design and Computer Architecture, 2™ Edition, 2012
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T11: Consensus

Number Theorem Name

T11

COMBINATIONAL LOGIC DESIGN

© Digital Design and Computer Architecture, 2™ Edition, 2012

Chapter 2 <70>

(BeC) + (BeD) + (CeD) = Consensus
(BeC) + (BeD)
Prove using other theorems and axioms:
BeC + B*D + C*D

= BC + BD + (CDB+CDB) T10: Combining
=BC + BD + BCD+BCD T6: Commutativity
=BC + BCD+ BD + BCD T6: Commutativity
= (BC + BCD) + (BD + BCD) T7: Associativity
=BC+BD T9’: Covering

ELSEVIER



Boolean Theorems of Several Vars

#  Theorem Dual Name

16 BeC =CeB B+C =C+B Commutativity

T7 (BeC) e D=B e (CeD) (B+C)+D=B+(C+D) |Associativity

T8 Be(C+D)=(BeC)+(BeD) | B+ (CeD)=(B+C) (B+D) | Distributivity

T9 Be(B+C)=B B+ (BeC)=8B Covering

T10 | (BeC)+ (BeC)=B (B+C) * (B+C)=B Combining

T11 | (BeC) + (BeD) +(CD) = (B+C) o (I§+D) e (C+D) = | Consensus
(BeC) + (BeD) (B+C)  (B+D)

COMBINATIONAL LOGIC DESIGN
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* Distributivity (T8, T8’)

 Covering (T9’)

e Combining (T10)

L LOGIC DESIGN

* Expansion

ONA

 Duplication

“Simplification” theorem

BINATI

COM
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Simplification methods

B (C+D)=BC+BD
B + CD = (B+ C)(B+D)

A+AP=A
PA+PA=P

P=PA+PA
A=A+AP

A=A+A

PA+A=P+A
PA+A=P+A

Chapter 2 <72>
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Simplifying Boolean Equations

Example 1:
Y=AB + AB

COMBINATIONAL LOGIC DESIGN
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=

9

(7]

a Example 1:
% Y=AB+AB
S Y=A

-

-

= — AR
< = A(B + B)
= = A(1)
]

3 =A

S
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Simplifying Boolean Equations

T10: Combining

T8: Distributivity
T5": Complements

T1: Identity

N



N

* Distributivity (T8, T8’)

 Covering (T9’)

LOGIC DESIG

e Combining (T10)

Expansion

ONAL

 Duplication

“Simplification” theorem

BINATI

COM
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Simplification methods

B (C+D)=BC+BD
B + CD = (B+ C)(B+D)

A+AP=A
PA+PA=P

P=PA+PA
A=A+AP

A=A+A

PA+A=P+A
PA+A=P+A

Chapter 2 <75>
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Simplifying Boolean Equations

Example 2:
Y = A(AB + ABC)

COMBINATIONAL LOGIC DESIGN
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Simplifying Boolean Equations

Example 2:
Y = A(AB + ABC)

| = A(AB(1 + (C)) T8: Distributivity
l = A(AB(1)) T2’: Null Element
= A(AB) T1: Identity
= (AA)B T7: Associativity
= AB T3: Idempotency

COMBINATIONAL LOGIC DESIGN
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* Distributivity (T8, T8’)

 Covering (T9’)

e Combining (T10)

L LOGIC DESIGN

* Expansion

ONA

 Duplication

“Simplification” theorem

BINATI

COM
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Simplification methods

B (C+D)=BC+BD
B + CD = (B+ C)(B+D)

A+AP=A
PA+PA=P

P=PA+PA
A=A+AP

A=A+A

PA+A=P+A
PA+A=P+A

Chapter 2 <78>

ELSEVIER




Simplifying Boolean Equations

Example 3:
Y=ABC+A Recall: A" = A

L3

COMBINATIONAL LOGIC DESIGN
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Simplifying Boolean Equations

Example 3:
Y=ABC+A Recall: A" = A

Note:

* A'is shorthand for A.

e But use the tick symbol (‘) only when typing.
* |It’s easy to lose ticks () when writing by hand!

e Itis strongly recommended that you simplify
equations by writing by hand.

COMBINATIONAL LOGIC DESIGN
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Example 3:

Y = A’BC + A’
= A
or
= A'(BC + 1)
= A'(1)
= A’

COMBINATIONAL LOGIC DESIGN

© Digital Design and Computer Architecture, 2™ Edition, 2012

Simplifying Boolean Equations

Recall: A=A
T9’ Covering: X + XY =X

T8: Distributivity
T2”: Null Element
T1: Identity

st ’l..::f B
Chapter 2 <81> ELSEVIER



Simplifying Boolean Equations

Example 4:
Y =AB’C+ ABC + A'BC

COMBINATIONAL LOGIC DESIGN
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* Distributivity (T8, T8’)

 Covering (T9’)

e Combining (T10)

L LOGIC DESIGN

* Expansion

ONA

 Duplication

“Simplification” theorem

BINATI

COM
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Simplification methods

B (C+D)=BC+BD
B + CD = (B+ C)(B+D)

A+AP=A
PA+PA=P

P=PA+PA
A=A+AP

A=A+A

PA+A=P+A
PA+A=P+A

Chapter 2 <83>
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Simplifying Boolean Equations

Example 4:

Y =AB’'C+ ABC + A'BC
= AB’C + ABC + ABC + A’BC T3’: Idempotency
= (AB’C+ABC) + (ABC+A’BC) T7’: Associativity
= AC + BC T10: Combining

COMBINATIONAL LOGIC DESIGN
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N

* Distributivity (T8, T8’)

 Covering (T9’)

LOGIC DESIG

e Combining (T10)

Expansion

ONAL

 Duplication

“Simplification” theorem

BINATI

COM
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Simplification methods

B (C+D)=BC+BD
B + CD = (B+ C)(B+D)

A+AP=A
PA+PA=P

P=PA+PA
A=A+AP

A=A+A

PA+A=P+A
PA+A=P+A

Chapter 2 <85>
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Example 5:

Method 1:

= AB + BC+ B’D’
Method 2:
Y=AB +BC+B’D’+ AC'D’ + AD’
= AB + BC + B'D’ + AD’
=AB + BC+ B’D’

COMBINATIONAL LOGIC DESIGN

© Digital Design and Computer Architecture, 2™ Edition, 2012

Y=AB +BC+B’'D’ + AC’'D’

Y = AB + BC + B'D’ + (ABC’'D’ + AB'C’'D’)
= (AB + ABC’D’) + BC + (B'D’ + AB'C’D’)

Chapter 2 <86>

Simplifying Boolean Equations

T10: Combining
T6: Commutativity
T7: Associativity
T9: Covering

T11: Consensus
T9: Covering
T11: Consensus




N

mplification methods

* Distributivity (T8, T8’) B (C+D)=BC+BD
B + CD = (B+ C)(B+D)

LOGIC DESIG

* Covering (T9') A+AP=A

e  Combining (T10) PA+PA=P
o] B
g: « Expansion P = PA + PA

' A=A+AP

Q
=+ Duplication A=A+A
qi
E; « “Simplification” theorem PA+A=P+A
X PA+A=P+A

COM
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Simplifying Boolean Equations

Example 6:
Y = (A + BC)(A + DE)

Apply T8’ first when possible: W+XZ = (W+X)(W+Z)

COMBINATIONAL LOGIC DESIGN
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Simplifying Boolean Equations

Example 6:
Y = (A + BC)(A + DE)

Apply T8’ first when possible: W+XZ = (W+X)(W+Z)
Make: X = BC, Z = DE and rewrite equation

Y =(A+X)(A+2) substitution (X=BC, Z=DE)
=A+XZ T8’: Distributivity
= A + BCDE substitution

or
Y =AA+ ADE + ABC + BCDE T8: Distributivity
= A+ ADE + ABC+ BCDE T3: Idempotency
= A+ ADE + ABC + BCDE
=A + ABC + BCDE T9’: Covering
= A + BCDE T9’: Covering

COMBINATIONAL LOGIC DESIGN
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Simplifying Boolean Equations

Example 6:
Y = (A + BC)(A + DE)

Apply T8’ first when possible: W+XZ = (W+X)(W+Z)
Make: X = BC, Z = DE and rewrite equation

Y =(A+X)(A+2) substitution (X=BC, Z=DE)
=A+XZ T8’: Distributivity
= A + BCDE substitution
or This is called

Y =AA+ADE + ABC + BCDE T8: Distributivity multiplying out
= A+ ADE + ABC+ BCDE T3: Idempotency an expression to get
- A+ ADE + ABC + BCDE sum-of-products
SAY ¥ * (SOP) form.
=A + ABC + BCDE T9’: Covering
= A + BCDE T9’: Covering

COMBINATIONAL LOGIC DESIGN
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=
O
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7"
BI e SOP - sum-of-products
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U O C | E | minterm
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Q¢ ° POS - product-of-sums
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E=0C
=3(2)

Review: Canonical SOP & POS Forms

E=(0+ C)O+ C)O + O)

=11(0, 1, 3)

Chapter 2 <91>

ELSEVIER



Multiplying Out: SOP Form

An expression is in sum-of-products (SOP)
form when all products contain literals
only.

e SOPform:Y=AB+BC’ +DE

e NOTSOP form:Y =DF + E(A’+B)

e SOPform:Z=A+BC+DE'F

COMBINATIONAL LOGIC DESIGN
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Example:
Y=(A+C+D+E)A+B)

Y =(A+X)(A+2)
=A+XZ
= A+ (C+D+E)B
=A+BC+BD+BE

or

Y =AA+AB+AC+BC+AD+BD+AE+BE
= A+AB+AC+AD+AE+BC+BD+BE
=A+BC+BD+BE

COMBINATIONAL LOGIC DESIGN

© Digital Design and Computer Architecture, 2™ Edition, 2012

Multiplying Out: SOP Form

Apply T8’ first when possible: W+XZ = (W+X)(W+Z)
Make: X = (C+D+E), Z = B and rewrite equation

substitution (X=(C+D+E), Z=B)
T8': Distributivity
substitution

T8: Distributivity

T8: Distributivity
T3: Idempotency
T9’: Covering

Chapter 2 <93>



COMBINATIONAL LOGIC DESIGN

Factoring: POS Form

An expression is in product-of-sums (POS)
form when all sums contain literals only.

* POS form:Y = (A+B)(C+D)(E’+F)

* NOT POS form: Y = (D+E)(F'+GH)
 POS form:Z = A(B+C)(D+E’)

Canonical POS form: each product
contains 1 of each literal.

fa r "' '..'Fr
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Factoring: POS Form

Example 1:
Y = (A + B’CDE)

L LOGIC DESIGN

. Y =(A+XZ)

g = (A+B’C)(A+DE)

Q = (A+B’)(A+C)(A+D)(A+E)
b~

<L

=

g!

o

U,
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Apply T8’ first when possible: W+XZ = (W+X)(W+Z)
Make: X = B’C, Z = DE and rewrite equation

substitution (X=B’C, Z=DE)
T8': Distributivity
T8’: Distributivity

Chapter 2 <95>




Factoring: POS Form

Example 2:
Y=AB+C'DE+F

Apply T8’ first when possible: W+XZ = (W+X)(W+Z)
Make: W = AB, X = C’, Z = DE and rewrite equation

Y =(W+XZ)+F substitution W =AB, X=C’,Z=DE
= (W+X)(W+Z) + F T8’: Distributivity
= (AB+C’)(AB+DE)+F substitution
= (A+C’)(B+C’)(AB+D)(AB+E)+F T8’: Distributivity
= (A+C’)(B+C’)(A+D)(B+D)(A+E)(B+E)+F T8’: Distributivity

= (A+C’+F)(B+C’+F)(A+D+F)(B+D+F)(A+E+F)(B+E+F) T8’: Distributivity

COMBINATIONAL LOGIC DESIGN
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DeMorgan’s Theorem

Number Theorem

T12 B,*B,*B,... = B;+B,+B,... DeMorgan’s
Theorem

COMBINATIONAL LOGIC DESIGN

#1
AR A,
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DeMorgan’s Theorem

Number Theorem

T12 B,*B,*B,... = B;+B,+B,... DeMorgan’s
Theorem

The complement of the product
is the
sum of the complements

COMBINATIONAL LOGIC DESIGN
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Theorem

T12 B,*B;*B,... =
B,+B;+B,...

DeMorgan’s Theorem: Dual

Dual
B,+B+B,... = DeMorgan’s
B,*B,*B,... Theorem

COMBINATIONAL LOGIC DESIGN

© Digital Design and Computer Architecture, 2™ Edition, 2012

The complement of the product
is the
sum of the complements.

Dual: The complement of the sum
is the
product of the complements.

g G
o AR
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LOGIC DESIGI

e Y=AB=A+8B ’g:}y
5
Y

NAL

* Y=A+B=A-B 5] »
B Y

COMBINATIO
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DeMorgan’s Theorem
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DeMorgan’s Theorem Example 1

Y = (A+BD)C

R

COMBINATIONAL LOGIC DESIGN
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DeMorgan’s Theorem Example 1

Y = (A+BD)C
= (A+BD) + C
= (Ae(BD)) +C
= (Ae(BD)) + C
=ABD + C

COMBINATIONAL LOGIC DESIGN
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Y = (ACE+D) + B

COMBINATIONAL LOGIC DESIGN
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DeMorgan’s Theorem Example 2
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DeMorgan’s Theorem Example 2

=
9
9
Q
S
G
Q
!
< =((AC+E)*D) * B
>
)
=
=
L
Ef
(&’

Y = (ACE+D) + B

=(ACD + DE) * B
= ABCD + BDE

© Digital Design and Computer Architecture, 2™ Edition, 2012
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ok

oW TR RS
ELSEVIER



N

LOGIC DESIGI

DeMorgan’s Theorem

* Y=/@=Z+§ A_}y

NAL

COMBINATIO
6
<
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